© O N O o h @ N =

Lookahead Branching for Neural Network Verification

Liam Davis!, Duo Zhou?, Huan Zhang?, Guy Katz?, Clark Barrett*, Haoze Wu'
! Amherst College, 2University of Illinois Urbana-Champaign, *Hebrew University of
Jerusalem, “Stanford University

ljdavis27 @ambherst.edu, duozhou2 @illinois.edu, huan@huan-zhang.com, g.katz@mail.huji.ac.il,
barrett@cs.stanford.edu, hwu@ambherst.edu

Abstract

In this work, we investigate the effect of looka-
head branching strategies in neural network veri-
fication. We present a general recipe to integrate
lookahead into any branch-and-bound verifier and
demonstrate how one of the current state-of-the-art
branching heuristics, FSB, can be viewed as a spe-
cial instantiation of the lookahead branching strat-
egy. We also describe how, in addition to improving
the quality of branching decisions, lookahead can
generate additional lemmas that accelerate verifi-
cation. We instantiate the method in two represen-
tative branch-and-bound-based verifiers (Marabou
and a-5-CROWN), and demonstrate that looka-
head leads to consistent speedups in verification
time and up to 57% more solved instances.

1 Introduction

Deep neural networks (DNNs) have become state-of-the-art
solutions in various domains [Sallab et al., 2017; Mnih et al.,
2013; He et al., 2015]. To ensure the deployment of DNN-
based systems in safety critical domains, there has been sig-
nificant effort from the formal methods and machine learn-
ing communities on developing scalable formal verification
techniques that can rigorously reason about the behaviors
of a neural network [Katz et al., 2017; Singh et al., 2019;
Zhang et al., 2018; Wang et al., 2021]. State-of-the-art com-
plete neural network verifiers are based on branch-and-bound
(BaB), which involves performing case splitting on non-linear
activation functions (e.g., ReLU) and analyzing the cases us-
ing an incomplete verifier; if the analysis is inconclusive, fur-
ther case splits are recursively performed.

The branching heuristic, the strategy to choose which case
to split on, has a significant impact on verification efficiency.
Ideally, the branching heuristic should lead to easier subprob-
lems. Failing to do so, especially at the top of the search tree,
can result in duplicated verification efforts and increased ver-
ification time. In the past decades, a number of branching
heuristics have been developed for neural network verifica-
tion [Katz et al., 2017; Wu et al., 2020; Bunel et al., 2020;
De Palma et al., 2021]. Most heuristics aim to make a de-
cision quickly by leveraging local information (e.g., variable
bounds) gathered during the solving process. This method

increases the risk of ineffective branching, as decisions are
made without evaluating the long-term impact of splitting on
a neuron. Recent heuristics have shown it is beneficial to
spend more effort making a branching decision by simulat-
ing branching on a number of candidate neurons and evalu-
ating its effect [De Palma et al., 2021]. This approach has
culminated in Filtered Smart Branching (FSB), the standard
branching heuristic in recent work.

Motivated by the success of FSB, we systematically study a
general branching strategy that spends significant effort mak-
ing branching decisions. We adopt the terminology in for-
mal methods and call this approach lookahead [Heule and
van Maaren, 2009]. Lookahead involves simulating potential
branching decisions by performing multiple splits to mea-
sure downstream effects. By analyzing the impact of each
simulated branch, lookahead uses more information to make
branching decisions. We present lookahead as a template
algorithm with several tunable parameters such as the pre-
select strategy, lookahead depth, and evaluation metric that
can be instantiated in a solver-specific manner. We dis-
cuss the choices for these parameters and how FSB can be
viewed as a special instantiation of the lookahead proce-
dure. In addition to informing the branching decision, looka-
head might also discover new information, such as tight-
ened variable bounds. We show this information can be used
to derive valid lemmas at the current search level, and po-
tentially prune the search space. We instantiate lookahead
in two distinct BaB-verifiers, Marabou [Katz et al., 2019;
Wu et al., 2024] and a-5-CROWN [Wang et al., 2021;
Xu et al., 2020; Zhang et al., 2022a; Zhou et al., 2024], and
demonstrate that lookahead can improve both tools.

An overview of the lookahead workflow is presented in
Figure 1. At a given search state when branching is required,
a set of split candidates is pre-selected and lookahead simu-
lates branching on each candidate up to a certain depth. The
outcome of each simulation is a score along with a number
of tightened bounds, which might entail that certain unsta-
ble neurons are fixed to particular activation phases. In the
end, lookahead outputs the next neuron to split on and a set
of lemmas discovered during the lookahead simulations.

The rest of the paper is organized as follows: Section 2
reviews related work. Section 3 provides relevant back-
ground on neural network verification. Section 4 presents
the general lookahead approach and concrete instantiation in

42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79

81
82
83
84
85



86
87
88
89

90

91
92
93
94
95
9%
97
98
99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115
116
117
118
119
120
121

122

123
124
125

Current search
state

——

Preselect

v

Split candidates
Xprees X

simulate(x,)

Score 5,
Shared fixes X;

v

Evaluate candidates

simulate(x,)
- Branching decision:
plit.x. arg max(sy, ... 5,)
—p
Implied fixes:
# Xu--ukX,
Score s,
Shared fixes X,

Figure 1: Visual overview of the lookahead procedure

Marabou and a-5-CROWN. Section 5 provides an evaluation
of lookahead branching, comparing it to existing heuristics in
Marabou and a-3-CROWN. Finally, we conclude and discuss
future directions in Section 6.

2 Related Work

Early efforts for complete verification of neural networks em-
ployed SMT and MILP solvers that enumerate activation pat-
terns [Katz et al., 2017]. A unified BaB view of verification
was presented by [Bunel er al., 2020]. State-of-the-art com-
plete verification tools including the SMT-based solvers [Katz
et al., 2019; Wu et al., 2024] and GPU-accelerated bound-
propagation-based tools [Wang et al., 2021; Xu et al., 2020;
Zhang et al., 2022a; Zhou et al., 2024; Shi et al., 2025] can
be viewed as instantiation of BaB. Branching heuristics have
a significant impact on the runtime of complete verification
tools. BABSR introduced a “strong-branching” style score
that solves a cheap surrogate relaxation for each candidate
and became the default in many verifiers [Bunel et al., 2020].
FILTERED SMART BRANCHING (FSB) refines this idea by
first filtering candidates with BaBSR and then re-running a
tighter bound computation on the shortlist [De Palma et al.,
2021]. There has also been work on using Graph Neural Net-
works to train a policy for selecting splitting neurons [Lu and
Kumar, 2019]. Our work is inspired by lookahead search in
SAT and SMT solvers [Heule and van Maaren, 2009] as well
as MILP solvers [Glankwamdee and Linderoth, 2006], and
we extend similar ideas to neural network verification.

3 Background

3.1 Neural Network Verification

For a trained deep neural network N : R®™ — R™ with an
input x € R™ and output y = N(x) € R™, the DNN verifi-
cation problem is whether or not there exists an input = that
produces an output y that satisfies a property ¢(y). If there
exists an input z that leads to an output y that satisfies the
property ¢(y), then the problem is satisfiable (SAT); other-
wise it is unsatisfiable (UNSAT).

3.2 Bound Propagation

To refine the search space of a neural network verification
problem, bound propagation [Singh et al., 2019] estimates ac-
tivation ranges at each layer, defining upper and lower bounds
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Figure 2: Each node encodes a subproblem from BaB by splitting
unstable ReLUs. Green nodes are pruned; blue nodes require further
branching [Zhou er al., 2024].

(03

for each neuron. The Rectified Linear Unit (ReLU) activation
function is defined as ReLU(x) = max(0,z). A ReLU neu-
ron is considered active if its lower bound is strictly greater
than zero (g(l) > (), meaning its output will always be its in-
put. Conversely, a ReLU neuron is inactive if its upper bound
is less than or equal to zero (Z(!) < 0), meaning its output
will always be zero. Otherwise, the activation status is not
yet known and the ReLU in unstable. If a ReLU’s bounds can
guarantee the neuron is always active or inactive, unneces-
sary computations can be eliminated. Through this iterative
process, the bounds on neuron activations are progressively
tightened, leading the solver closer to a solution.

3.3 Branch-and-bound

The branch-and-bound (BaB) framework, illustrated by Fig-
ure 2, is an efficient approach to neural network verification.
BaB systematically tightens the bounds of a neural network
by splitting on unstable ReLU neurons. When an unstable
ReLU is split, the problem is turned into two problems, one
where the ReLU is active and one where the ReLU is inac-
tive. After bound propagation, this turns a big problem into
two more manageable problems. To verify with BaB, ReLU
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splits are repeatedly applied until each resulting subproblem
can be definitively classified as either satisfying the property
(SAT) or not satisfying it (UNSAT).

The choice of ReLU to split on is imperative for the effi-
ciency of BaB, as it determines how fast a solver converges
to a solution; well-selected splits make significantly more
progress to a solution than poorly-chosen splits. Thus, heuris-
tics to select ReLUs to split on are essential to efficient neural
network verification.

3.4 Branching Heuristics

Several branching heuristics have been developed for BaB-
based neural network verification in recent years. BABSR
is a deterministic heuristic that computes a surrogate relax-
ation of each neuron with the upper and lower bounds, and
the biases of previous layers [2020]. The unstable neu-
ron with the highest score is then branched on. PSEUDO-
IMPACT BRANCHING is a branching heuristic specific to
Marabou. It estimates the impact a ReLU has on the
Sum-of-Infeasibilities (Sol) of the network, calculated during
Marabou’s DeepSol procedure [Wu et al., 2022]. The ReLU
with the greatest estimated impact on the Sol is branched on.
Pseudo-impact is presently the state-of-the-art heuristic im-
plemented in Marabou. FILTERED SMART BRANCHING or
FSB pre-selects candidate ReLUs with BaBSR scores, and
simulates one level of branching on each candidate before
making a branching decision, and can be seen as a special
instantiation of lookahead branching. FSB is presently the
state-of-the-art heuristic implemented in a-3-CROWN. We
will discuss how lookahead extends FSB in section 4.

4 Methodology

In this section, we first present lookahead as a template al-
gorithm and discuss its properties. We then discuss concrete
strategies for instantiating the lookahead procedure.

The algorithm begins by identifying a set of unstable neu-
rons to simulate splits on. Given that performing a full looka-
head simulation on every unstable ReLU is computationally
expensive, a preselect strategy is employed to shrink the can-
didate set. The preselect strategy differs based on implemen-
tation as detailed in Section 4.1.

For each preselected candidate, the SIMULATESPLIT sub-
routine simulates a case split on the neuron, creating one
branch for each activation phase (active and inactive for
ReLU). The SIMULATESPLIT function simulates a case split
on the neuron, creating one branch for each of the activation
phases. For the ReLU activation function, there would be
two phases (active and inactive). The algorithm then recur-
sively explores the next level of the search tree by selecting
another neuron to split on, using the BASESELECT heuris-
tic. This process continues until a specified lookahead depth
(d) is reached. The goal of performing additional splits is
to explore the potential cascading effects of each candidate
split, as the effect of splitting on one neuron might not be
fully realized in the immediate subproblem. After each split
is simulated, the solver performs bound propagation. When
the lookahead depth is reached, the EVALUATESTATE func-
tion is called to evaluate the current state of the solver and

Algorithm 1 Lookahead Branching

1: Input: Set of unstable neurons N at the current search
level
2: Output: (n*, £,U) where n* is the neuron to split, £
and U are sound lower and upper bounds
3: Parameters: lookahead depth k, preselect strategy P,
explore strategy B, evaluation strategy F, and aggregate
strategy C'
: NT+ P(N)
: agScores < {}
P LU [
: for each n € N’ do
scores’, U, u <+ CaseSplit(n, k, N\ {n})
agScores[n] < C(scores’)
10:  L.append(?), U.append(u)
11: end for
12: return arg max(agScores), elementwise-max (L),
elementwise-min (/)
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13:

14: Procedure CaseSplit(n, d, N)
15: if d = 0 then

16:  score,l,u + E()

17:  return [score],{,u

18: else

19:  storeSolverState()

20:  scores, L,U < [],[],[]
21:  for each p € phases(n) do

22: applySplit(p)

23: propagateBounds()

24: if d = 1 then

25: n' < B(N)

26: else

27: n' + nil

28: end if

29: scores’, £, u + CaseSplit(n’,d — 1, N'\ {n})
30: scores + scores :: scores’
31: L.append(¢), U.append(u)
32: restoreSolverState()

33:  end for

34.  return scores,
elementwise-min(L),
elementwise-max(U)

35: end if

collect the current variable bounds. Importantly, the solver
state is saved and restored after each simulated split to en-
sure that the lookahead simulation does not interfere with the
actual search process. This allows for independent evalua-
tion of each candidate neuron without side effects from other
simulated branches. In the end, the SIMULATESPLIT func-
tion returns the score of each simulated leaf, as well as the
loosest lower and upper bounds of the variables discovered
during the simulation. Importantly, these bounds are sound
lower and upper bounds of the variables at the current search
level.

The scores from all simulated branches are aggregated us-
ing the specified aggregation strategy to produce a single
score for each candidate neuron. The neuron with the best
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score is selected as the next split. Moreover, the tightest lower
and upper bounds discovered during lookahead are returned,
which can be used to further prune the search space.

In general, lookahead can be computationally expensive,
as it requires repeated simulation of the solving process. In
practice, it is beneficial to invoke Algorithm 1 at the top
of the search tree, and fall back to more efficient branch-
ing heuristics later on. In the next section, we discuss the
different strategies for preselecting neurons, evaluating sim-
ulated branches, and aggregating scores. The key advan-
tage of lookahead is that it considers the cascading effects
of a branching decision. A neuron that appears promising
based on local information may lead to poor downstream
progress, while a seemingly less promising candidate can
lead to improvements that manifest over several branching
decisions. By explicitly simulating several splits, lookahead
makes branching decisions that better account for the global
structure of the verification problem.

FSB can be viewed as a particular implementation of
the lookahead procedure where BaBSR is used as the
BASESELECT heuristic, d is 1, and the strategy is applied
uniformly at every branching decision. This design prior-
itizes efficiency by minimizing per-decision overhead. But
by simulating only one branching decision, FSB cannot fully
capture the cascading effects that propagate through multi-
ple levels of the search tree. Our work explores whether in-
vesting additional computation in critical branching decisions
can improve overall verification performance. Specifically,
we investigate depth-2 lookahead applied at the top of the
search tree, where branching decisions have the largest down-
stream impact. This design is motivated by the strong branch-
ing literature in MILP [Glankwamdee and Linderoth, 20061,
which demonstrates that expensive branching heuristics pro-
vide the greatest benefit early in search. Additionally, we ex-
plore how phase-fixing lemmas discovered during lookahead
(Section 4.3) can further prune the search space. Section 5
evaluates whether these design choices yield net performance
improvements despite their computational overhead.

4.1 Preselect Strategies

If lookahead were to be performed on every neuron in a large
neural network, the computational overhead would outweigh
the improvement in branch quality. Thus, it is essential to pre-
select a subset of neurons on which to run lookahead. Several
preselect strategies are possible.

One approach is to use a polarity-based strategy, that uses a
heuristic that scores neurons based on the sensitivity of their
activation status to changes in their bounds. For example, a
score such as max (%’, %), where ub and [b are the upper
and lower bounds of a neuron, can be used to identify neu-
rons whose activation status is most undecided. Neurons with
the highest scores are then selected for lookahead. We used
this polarity-based preselect strategy in Marabou. Another
approach is to use existing branching scores, such as BaBSR
scores, to rank neurons. In this case, a fixed number of neu-
rons with the highest scores are chosen for lookahead. This
preselect strategy was used in a-3-CROWN.

Regardless of the strategy, the preselect method should
identify promising candidates using lightweight metrics.

4.2 Scoring Functions

The scoring function is a central component of lookahead
branching, as it quantifies the effectiveness of each simulated
split and guides the branching decision. Two general classes
of scoring metrics are commonly used: neuron-fixing-based
metrics and bound-reduction-based metrics.

Neuron-fixing-based metric. This approach evaluates a
split by counting how many previously unstable neurons be-
come phase-fixed (i.e., their activation status is determined)
after bound propagation in each branch. To encourage both
high total progress and balanced outcomes, a balance score is
computed for each split. For example, if a split results in a
neurons fixed in one branch and b in the other, the score can be
defined as aiﬁl. This formula favors splits that not only fix
many neurons overall but also distribute the fixes more evenly
between branches. Consider a split that fixes 9 neurons in one
branch and 1 in the other. Its score would be 52537 ~ 0.8.
In contrast, a split that fixes 5 neurons in each branch would
yield a score of £25%7 ~ 2.3. Our metric would then fa-
vor the more balanced outcome in case the same number of
neurons are fixed. When lookahead is performed to greater
depths, the scores are computed recursively: at the leaves, the
score is based on the number of phase fixes, and at each in-
ternal node, the balance formula is applied to the scores of its
child branches, propagating upward to yield a final score for
each candidate split. This polarity-based metric was used in
Marabou.

Bound-reduction-based metric. This metric is based on
the reduction in variable bounds or other continuous mea-
sures of progress, such as the width of neuron bounds or their
proximity to a decision threshold. For example, a scoring
function may combine the width of a neuron’s bounds, its
distance from zero, and an estimate of its influence on the
objective (e.g., via gradient approximation). In a lookahead
setting, after simulating a split, the scoring function can ag-
gregate the scores from subsequent branches using a balance
formula similar to the neuron-fixing metric. For instance, if
S+ and S~ are the scores from the two branches after a split,

the lookahead score can be defined as Sy + A - %,
where Sy is the immediate score for the split and A is a dis-
count factor to control the influence of deeper lookahead. For
deeper lookahead, this aggregation is applied recursively as
scores are propagated up the lookahead tree. This bound-
reduction-based metric was used in a-3-CROWN.

Regardless of the specific metric, an effective scoring func-
tion should capture both the potential for maximal progress
toward a solution and the balance of outcomes across differ-
ent branches. This ensures that the branching decision not
only accelerates convergence but also avoids highly imbal-
anced splits that may lead to inefficient search.

4.3 Phase Fixing via Lookahead Splits

One significant outcome of the lookahead branching proce-
dure is its ability to refine variable bounds, which can lead to
phase fixing of previously unstable neurons. Specifically, dur-
ing the lookahead process, bound propagation is applied af-
ter simulating splits, and the resulting bounds can sometimes
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determine that a neuron is stable (i.e., its activation phase is
fixed).
The following theorem formalizes this effect:

Theorem 1 (Phase Fixing via Lookahead). Let z =
ReLU(y) be an unstable ReLU, i.e., £, < 0 < uy. Sup-
pose we simulate a split on another unstable ReLU z, =
ReLU(y,.), generating two subproblems corresponding to the
inactive (y, < 0) and active (y, > 0) cases.

Let £ and (3¢ be the lower bounds on y obtained in
each subproblem. Then the refined lower bound (" :=

min (£, £3Y) satisfies 0 = Ly, Similarly, the refined
upper bound wy™ 1= max(uy*°t, ui®) satisfies ™ < u,.

As a consequence: if () > 0, the phase of z is fixed to
active; if u;’ew < 0, it is fixed to inactive.

new

Proof Sketch. Simulating a split on z,. refines the input do-
main into two disjoint subdomains. Bound propagation on
each subproblem yields tighter constraints on all dependent
variables, including y. Because the union of the subdomains
recovers the full feasible region, the maximum lower bound
and minimum upper bound across the subproblems provide
valid global bounds. O

The phase-fixing capability cannot be used when either
CROWN or a-CROWN bound propagation is used, as the
adaptive ReLU rule means bounds can become looser when
pre-activation bounds are tightened. Therefore we used
phase-fixing in Marabou but not a-3-CROWN.

5 Evaluation

To evaluate the effectiveness of lookahead branching, we im-
plemented Algorithm 1 in two state-of-the-art BaB-based ver-
ification tools Marabou and «-3-CROWN. These two solvers
use different approaches to solve subproblems: Marabou
is a CPU-based verifier that employs an SMT-based in-
complete decision procedure [Katz et al., 2017; Wu et al.,
2022], while a-8-CROWN runs GPU-accelerated bound-
propagation [Zhang et al., 2018; Xu et al., 2020]. We eval-
uate lookahead branching against the present state-of-the-art
heuristics in each verifier on various benchmarks for each.
Our investigation aims to determine if incorporating looka-
head branching can improve the performance of branch-and-
bound across distinct solver paradigms.

5.1 Case Study on Marabou

Experimental Setup

For experimentation on Marabou, we compared lookahead
branching to BaBSR and pseudo-impact, two of Marabou’s
existing heuristics. BaBSR is a widely-used deterministic
heuristic [Bunel et al., 2020], while pseudo-impact is a dy-
namic heuristic specific to Marabou [Wu et al., 2022]. We
conducted experiments on three different benchmark sets,
NAP, NN4Sys, and MNIST. NAP is a benchmark designed
to evaluate neural network verifiers on specifications defined
by neural activation patterns, which characterize broad, nu-
merically challenging regions of the input space. NN4Sys is
a benchmark suite constructed from neural networks used in
computer systems, testing real-world verification challenges

Table 1: Marabou results on various benchmarks. P-I denotes
pseudo-impact, LH denotes lookahead.
Benchmark # babsr  babsr+lh p-i p-i+lh
Time Time Time Time
Bench. Sol. ) Sol. ) Sol. ) Sol. )
NAP 235 30 290 47 37 19 05 24 30
NN4SYS 120 80 127.1 80 114.9 82 149.9 94 238.1
MNIST 20x20 500 183 100.5 192 130.6 130 149 141 9.3
MNIST 2x256 500 370 28.3 369 30.3 405 77.9 407 83.1
MNIST 4x256 500 281 30.1 286 30.5 298 72.5 295 52.2
MNIST 6x256 500 248 86.1 254 94.0 240 42.5 240 409

that have been proven difficult in recent iterations of the VNN
Competition. The MNIST dataset includes various feed for-
ward neural networks for handwritten digit recognition. The
MNIST network architectures we tested include, in layers by
neurons, 20x20, 2x256, 4x256, and 6x256. We implemented
lookahead on top of the most recent version of Marabou.

We use the polarity-based pre-selecting strategy as de-
scribed in Section 4.1 to select 10 candidate neurons. We use
a lookahead depth of 2 (parameter d in Algorithm 1. We in-
stantiate BASESELECT with two different heuristics, BaBSR
and pseudo-impact. In the experiments, we perform looka-
head splits on the top five branching levels, and fall back to
the base heuristics for the rest of it. We used the neuron-fixed-
based metric for evaluating a search state and combining the
scores across subproblems 4.2. The experiments were run on
a server with 2.6-GHz AMD CPUs, with 4 CPU cores allo-
cated per benchmark. Each benchmark was given a 30 minute
time limit and a 32 GB memory limit.

Results
Table 1 presents a comparison of the performance of Marabou
with and without lookahead branching across the various
benchmarks. The tables report the number of instances solved
within the time limit (1800 seconds), along with average run
time on solved instances. Overall, lookahead branching re-
sults in a substantial increase in the number of solved in-
stances for both BaBSR and pseudo-impact heuristics.
Figure 3 provides cactus plots comparing lookahead and
the baseline heuristics on the three benchmark sets. Overall,
lookahead leads to more solved instances compared to the
baseline heuristics, especially when the time limit is high.
On the NAP benchmark, the lookahead’s overhead makes
it slower when the time limit is low, but the improvement
in branching quality leads to significantly more solved in-
stances in total. On the NN4Sys benchmarks, lookahead
leads to significantly more solved instances in less time with
pseudo-impact, but only yields solve time improvements with
BaBSR. For the MNIST benchmarks, lookahead leads to
more solved instances when the time limit is higher.

5.2 Case Study on a-3-CROWN

Experimental Setup

For experimentation on a-3-CROWN, we compared looka-
head branching to its current state-of-the-art heuristic,

385
386
387
388
389
390

392
393
394
395
396
397
398
399
400
401
402

403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422

423

424

425
426



427
428
429

431
432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449

451
452
453

454

455
456
457
458

NAP 2000 NN4Sys 2000 MNIST

_ 103 — babsr — —— babsr — —— babsr

3 —— babsr + lookahead a —— babsr + lookahead 3 —— babsr + lookahead

c € 1500 < 1500

o 10 o o

|9} |9} |9}

3 3 g

=~ 10! —1000 —1000

() () ()

£ £ £

€ 100 £ 500 2 500

3 3 3

x [~ ©

-1
1075 10 20 30 40 40 50 60 70 80 800 900 1000 1100
Number of Solved Instances Number of Solved Instances Number of Solved Instances
NAP 2000 NN4Sys 2000 MNIST

— 103 —— pseudo-impact — —— pseudo-impact — —— pseudo-impact

% pseudo-impact + lookahead % pseudo-impact + lookahead , % pseudo-impact + lookahead

c € 1500 € 1500

o 10 o o

|9} |9} |9}

3 b 2

~ 10! —1000 —1000

() () ()

£ £ £

€ 10° ‘€ 500 ‘€ 500

S - = S

[~ [~ A [~

1 I
107 5 10 15 20 25 40 50 60 70 80 90 800 850 900 950 1000 1050 1100
Number of Solved Instances Number of Solved Instances Number of Solved Instances
(a) NAP (b) NN4Sys (c) MNIST

Figure 3: Cactus plots comparing existing heuristics and lookahead on Marabou.

FSB[De Palma et al., 20211, on seven different convolutional
neural networks ranging with various robustness properties
for each. The networks came from the CIFAR, MNIST, and
TinyImageNet datasets, three computer vision datasets for
image and text recognition. The networks from the CIFAR
and TinylmageNet datasets range between 14.4 million and
31.6 million parameters, making them challenging verifica-
tion queries. The MNIST benchmarks were adversarially
trained, introducing complexity that makes formal verifica-
tion particularly challenging. We implemented lookahead in
the most recent version of a-3-CROWN [Zhou er al., 2025].
With «a-8-CROWN, the solver first attempted to solve
the problem with an adversarial attack algorithm[Zhang et
al., 2022b], then with incomplete verification using auto-
LiRPA[Xu er al., 2021] before beginning complete verifica-
tion with BaB. When BaB is run, the first five BaB rounds
are done using lookahead branching with a lookahead depth
of 2, and then FSB branching is used. We use BaBSR scores
as the preselect strategy and select 15 candidate neurons. We
used the bound-reduction-based metric for the scoring func-
tion (Section 4.2) with a discount factor A of 0.5. We did not
implement the phase fixing techniques in a-3-CROWN, as a-
B-CROWN leverages a-CROWN for bound propagation and
thus phase fixing is not sound. The experiments were run on a
server with 2.6-GHz AMD CPUs and A100 GPUs. One A100
GPU and 96 CPU cores were allocated for each experiment,
and a 128 GB memory limit was given for each experiment.

Results

Table 2 presents a comprehensive overview of the verifica-
tion performance on the seven neural network models using
both FSB branching and lookahead branching within a-3-
CROWN. The table compares the total number of solved in-

Table 2: a-5-CROWN results on various benchmarks. T/O denotes
timeout, LH denotes lookahead.

T/O Solved Avg Time (s)

Dataset Model # () FSB LH FSB LH
CIFAR CIFAR100 200 360 112 112 19.49 16.47
CIFAR10-ResNet 72 360 59 60 22.83 21.87
CNN-A-Mix 200 200 83 83 7.58 6.03
CNN-B-Adv 200 450 93 93 10.23 8.60
MNIST CNN-A-Adv 200 200 141 141 11.34 8.90

TinylmageNet tinyimagenet 200 360 129 130 23.84 20.83

stances (including both SAT and UNSAT) and the average
runtime on solved instances.

To isolate the impact of lookahead branching on the
branch-and-bound core of a-3-CROWN, Table 3 presents re-
sults filtered to include only instances that required the full
BaB procedure. SAT instances are excluded as they were all
solved through adversarial attacks, and easier UNSAT solved
with incomplete verification methods are also excluded, since
lookahead branching has no effect on these cases. We see that
lookahead leads to a consistent speedup in solve time, and
contributes two unique solutions.

Ablation Studies on a-5-CROWN

Table 4 presents the performance of a-S-CROWN while
varying the number of lookahead branches performed before
switching to a simpler heuristic. Across all lookahead depths
tested, lookahead either solves more instances or has faster
solve times than FSB. Changing the lookahead depth does
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Figure 4: Cactus plots comparing FSB and lookahead on o-3-CROWN.

Table 3: a-8-CROWN results on UNSAT instances solved with
BaB. LH denotes lookahead, timeouts remain the same as table 2

Table 4: «-B-CROWN results with varying number of lookahead
branches. LB denotes lookahead

Solved Avg Time (s) Spﬁt‘ﬁup 1 LH Branch 5 LH Branches 10 LH Branches
Time Time Time
Dataset Model FSB LH FSB LH (%) Model Solved (s) Solved ) Solved s)
CIFAR CIFAR100 90 90 23.34 19.58 16.1 CIFAR100 90 6421 90 64.27 90 57.25
CIFAR10-ResNet 19 20 69.51 64.27 243 CIFAR10-ResNet 20 20.40 20 19.58 20 21.49
CNN-A-Mix 32 32 19.10 15.08 15.4 CNN-A-Mix 32 16.15 32 15.08 32 14.99
CNN-B-Adv 47 47 19.77 16.54 219 CNN-B-Adv 47 1724 47 16.54 47 16.86
MNIST CNN-A-Adv 107 107 1477 11.53 163  CNOVA-AdY 107 11.89 107 11.53 107 13.65
tinyimagenet 117 2466 117 2274 117 24.93
TinyImageNet tinyimagenet 116 117 26.11 22.74 21.0

not change the number of solved instances and changes the
solve time minimally.

Overall, we found that lookahead can boost the perfor-
mance of BaB in two fundamentally different neural network
verifiers. This suggests that lookahead branching can be a
generally applicable strategy for enhancing the performance
of complete neural network verification.

6 Conclusion

In this paper, we introduced a general lookahead branching
strategy for neural network verification. The key idea is to
simulate candidate splits to make more informed branching
decisions. We discussed design choices of lookahead and
instantiated lookahead branching for two distinct complete
vlerifiers, Marabou and a-3-CROWN. Our results show that
incorporating lookahead branching results in substantial per-

formance gains in both solvers across a wide range of bench-
marks. This suggests that lookahead is a generally applicable
strategy for neural network verification.

Limitations As we presented lookahead as a template al-
gorithm, its design space is massive. While we considered
two instantiations of lookahead in Marabou and one in a-(3-
CROWN, it would be interesting to evaluate more variants of
lookahead. In particular, we plan to investigate the effect of
performing simulations to deeper levels or periodically invok-
ing lookahead later in the search. In addition, while we ex-
plored leveraging lookahead to fix unstable neurons, it might
be interesting to leverage other information, such as depen-
dencies between neurons, which might result in additional
pruning of the search space.
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