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Abstract—We present a method for partitioning the solution
space of statements in extremal set theory. Compared with
domain-agnostic partitioning methods like look-ahead, we per-
form case analysis on the strategies by which a candidate solution
can be constructed. We demonstrate that our approach can
decompose problems in extremal set theory more effectively
than look-ahead. Combining this new partitioning strategy with
an exact proof-producing MILP solver, we are able to verify
larger finite cases of Chvatal’s Conjecture—a long-standing open
question in extremal combinatorics—compared to previous work.

Index Terms—Extremal Set Theory, Cube and Conquer, Solu-
tion Space Partitioning

I. INTRODUCTION

Computational methods have increasingly been used to
prove mathematical conjectures, particularly in combinatorics
and discrete mathematics [1], [2], [3], [4], [5], [6], [7],
[8], [91. A common paradigm is to encode statements as
constraint satisfaction or optimization problems, and use
general-purpose solvers to search for counterexamples or
certify correctness. For example, it has been demonstrated
that carefully engineered integer programming frameworks can
produce machine-checkable proofs for instances of conjectures
in extremal combinatorics [10].

Statements in extremal set theory often concern families
of sets over a ground set [n]. Even for modest values of
n, the search space becomes prohibitively large: a family of
subsets of [n] is a subset of 2["], so the total number of
possible families is 22", which grows doubly exponentially in
n. As a result, such problems are typically only tractable for
small n, with solver performance as the primary bottleneck.
Nevertheless, the ability to verify conjectures for larger values
of n is valuable: many extremal statements, when false,
admit counterexamples at small values of n. Extending the
verified range therefore both narrows the domain in which
counterexamples can exist and increases confidence in the
conjecture.

One promising approach to improving solver scalability is
parallelization. The state-of-the-art approach for SAT-based
theorem proving is Cube and Conquer [11], which partitions
a problem into thousands to millions of independent subprob-
lems using look-ahead heuristics. While effective in many
applications, we observe empirically that Cube and Conquer
based on look-ahead heuristics does not effectively decompose
problems arising from extremal set theory into substantially
easier subproblems.
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In this paper, we propose a method for partitioning the
solution space of statements in extremal set theory at a
semantic level. Instead of branching on variables in the un-
derlying encodings, we partition directly at the level of set
families. The key idea is to branch on strategies by which a
counterexample (i.e., a family of sets) could be constructed.
We represent a strategy using representative sets that must be
included in the family together with banned subfamilies that
must be excluded. We formalize this approach as an abstract
calculus that supports 1) repeated partitioning of a collection of
candidate families into smaller sub-collections, and 2) pruning
of sub-collections that cannot satisfy the statement of interest.
We prove soundness, completeness, termination, and other
fundamental proof-theoretic properties of this calculus.

We implement our proof system in Rust, taking as input a
problem encoding, a solver oracle, and a ground set. We focus
on Chvital’s Conjecture [12], a long-standing open question in
extremal combinatorics, for which the previous best certified
computational verification handles ground sets of size 7 [10].
We develop a SAT encoding of Chvital’s Conjecture and
demonstrate that our semantic partitioning method decom-
poses the formula more effectively than look-ahead-based
Cube and Conquer. We then apply our partitioning strategy
to an existing Integer Linear Programming (ILP) encoding of
Chvatal’s Conjecture [10] and use the proof-producing MILP
solver SCIP [13] to solve the resulting subproblems. In both
the SAT and ILP settings, our partitioning significantly reduces
problem difficulty. Moreover, with ILP, we generate and verify
machine-checkable proof certificates for the partitions, which
constitute a proof of Chvétal’s Conjecture for a ground set of
size 8.

In summary, we make the following contributions:

e a semantic-level partitioning method for extremal set
theory;

« aformalization of the method as a calculus, with proofs of
soundness, completeness, termination, and related prop-
erties;

¢ an oracle-agnostic Rust implementation of our partition-
ing strategy;

e an experimental evaluation using both SAT and ILP
oracles, demonstrating the effectiveness of our partitioner;
and

« a verified proof of Chvatal’s Conjecture for n = 8.
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II. BACKGROUND

a) Extremal Combinatorics: Let n be a positive integer.
Define the ground set [n) to be the set {1,2,...,n} and denote
the powerset of [n] by 21"}, A family is a collection of sets—an
element of F = 22, A family d € F is called a downset if
it is closed under taking subsets—that is, for any s C ¢ € oln]
if t € d, then s € d. An intersecting family is one whose
members have pairwise nonempty intersections. A special case
of an intersecting family is a star, a family for which there is
some e € [n] contained in every member of the family.

b) Chvdtal’s Conjecture: The conjecture we use as a case
study is Chvdtal’s Conjecture. Chvétal’s Conjecture states that,
in any downset, there are no intersecting subfamilies strictly
larger than the largest star. We think of this conjecture in terms
of the existence of a counterexample—an intersecting family
that generates a downset whose stars are all smaller than the
intersecting family.

¢) Isomorphism of Families: We say two families f and
g are isomorphic, and write f 2 g, if there exists a permutation
7 : [n] = [n] such that w(f) = g (where 7(f) = {n(s) | s €
f} for any family f, and 7(s) is defined analogously for any
set s). Isomorphism is an equivalence relation; we denote the
equivalence class of a family f under isomorphism by [f].

d) Cube and Conquer: In [11], Heule et al. take a new
approach to SAT solving by combining CDCL and look-ahead
solvers that allows for the solving of larger scale problems.
Cube and Conquer, their solution, is also natural to parallelize.

Cube and Conquer uses a partitioning heuristic to select a set
of m variables, partitioning the problem into 2" subproblems
based on partial assignments. A look-ahead heuristic is used
to select the n variables, choosing ones that prune the search
space by the greatest amount. The look-ahead solvers choose
a variable x and split on it, assigning both true and false
values, and use unit propagation to obtain a simplified boolean
formula, or a cube.

Cube and Conquer’s goal is to generate cubes that simplify
the original formula and which can then be solved in parallel
as independent cases of the problem. If the difficulty of
the original problem is well distributed over the cubes, this
approach can result in massive parallel speedup. In the case
of Chvatal’s Conjecture, however, we found that Cube and
Conquer’s look-ahead solver produced unbalanced partitions
with limited simplification of the original problem. To improve
the quality of the partition for problems in extremal set theory,
we propose a partitioning method that splits on the inclusion of
sets in a family rather than the truth of propositional variables.

III. RELATED WORK

a) Chvdtal’s Conjecture: Eifler et al. showed that Chva-
tal’s conjecture can be reformulated as an integer program, and
were able to prove that the conjecture holds for ground sets of
size at most n = 7 using an exact, proof-producing variant of
the MILP solver SCIP combined with the certificate checker
VIPR [10]. Later, an improved version of exact SCIP solved
n = 8 in about 5.2 days [14]. However, an actual certificate
was not generated in this sequental run, and [14] reports that

such proof certificate would exceed 1 TB and that this is infea-
sible for the proof checker VIPR to validate. Plus, generating
actual proof would further increase the solver runtime. In this
work, we produce a partitioned proof consisting of smaller
certificates and verify it with VIPR. Previous mathematical
explorations also include [15], which assesses the conjecture
using correlation inequalities between Boolean functions on
sets. Secondly, [16] proves the conjecture for all downsets
where subsets contain at most three elements.

b) Farallel Solving: There are two common paradigms
for parallelizing SAT solvers: portfolio solving, where each
thread runs the same problem with a different approach, and
divide and conquer, where a problem is partitioned into smaller
subproblems that are solved in parallel. Cube and Conquer [11]
is a standard approach for parallel SAT solving in the case of
theorem proving. Other parallel SAT solvers include Paracooba
[17] and PalnleSS [18]. While there have been some forays
into parallelizing ILP solvers [19], we are not aware of any
parallelized exact ILP solvers capable of producing proofs.

c) Symmetry Breaking in SAT and ILP: Symmetry break-
ing is a method by which to create the subproblems that
a divide and conquer parallelization approach requires. [20]
introduces symmetry breaking for CDCL-based SAT solving.
They utilize a similar method of investigating isomorphisms
of a problem that is SAT specific, utilizing a dynamic method
to prune the SAT problem as it is being explored. [21] also
extends CDCL with symmetry breaking and applies it to
the problem of generating graphs. [22] utilizes additional
symmetry structures within SAT. [23] prunes by isomorphisms
on ILP problems with constraints of the form Az > b, utilizing
aspects of group theory applied to an LP solver. We focus on
solver- and encoding-agnostic symmetry-breaking specialized
to extremal set theory.

IV. METHODOLOGY

We are interested in proving statements about families of
sets. To this end, some definitions are in order. We call ¢
a predicate on families if it has the signature ¢ : F —
{true, false}. For any predicate ¢ on families, we define
an existential predicate ¢35 on collections of families by the
following rule: for any collection of families F' € 27, we
have ¢3(F) = true <= 3f € F.¢(f). We say ¢ is
isomorphism-invariant if, for any f,g € F with f = g, we
have ¢(f) = ¢(g). We say ¢ is satisfiable if there exists g € F
such that ¢(g) = true, unsatisfiable otherwise.

Example 1. We can formulate Chvétal’s Conjecture as a
family predicate: ¢“"V(g) <= “g is an intersecting family
which generates a downset such that the two violate Chvétal’s
Conjecture”. Later, we will check using the following methods
that p§"*(F) = false for n = 8 (recall F = 22"y, verifying
that there are no counterexamples among these families—
Chvatal’s Conjecture holds for ground sets up to size 8.

Given some family predicate ¢, we present a method of
partitioning F, the collection of all families, into subcollec-
tions for which the truth of ¢35 (e.g. whether the subcollection



contains counterexamples to Chvdtal’s Conjecture) can be
checked in parallel. We motivate our method by analogy
to Cube and Conquer, which we view as partitioning the
collection of all total variable assignments into independent
subcollections. Each subcollection is represented by a partial
assignment, which contains literals specifying the values of
certain variables. The partial assignment stands in for every
possible total assignment that could be reached by “complet-
ing” the partial assignment by including additional literals.
The partition is refined by branching on the truth of some
variable, turning one partial assignment into two children that
each extend it with a new literal.

The following functions partially capture these notions and
apply them to the realm of families.

ext(f) ={fU{s}|se2\ f} (1)
comp(f) ={g€ Flg2 f} )

If we think of a family f as a “partial family”, then comp(f)
gives all possible “completions” of f, achieved by including
additional sets, while ext(f) gives all the incremental “ex-
tensions” of f by a single additional set. This pair of functions
satisfies the following property:

Vf e F.Vg € ext(f). comp(g) C comp(f) 3)

which says that extending f to obtain g = f U {s} € ext(f)
strictly reduces the range of possible completions. Just like
we extend partial variable assignments with extra literals to
focus on particular cases of total assignment, we can extend
partial families with extra sets to focus on particular kinds of
families.

For instance, observe that comp(()) = JF contains in-
tersecting families. However, if we consider the extension
{0} € ext((), we find that comp({(}) contains no inter-
secting families, because any family containing the empty set
cannot be intersecting. If we were searching for intersecting
families in 7 = comp(0), we could partition into comp({0})
and F \ comp({0}), and then immediately eliminate the
first collection without exhaustively checking it. However, the
notion of “partial families” does not give us any way to denote
the exclusion of a particular set, such as ). For this reason, we
will introduce a construct equipped with both a partial family
and a collection of banned families, analogous to negative
literals in a partial variable assignment.

While we make analogy to Cube and Conquer, the crucial
difference is that our method reasons directly at the level of
families. This allows us to recognize when two apparently
different ways of extending a family are in fact isomorphic,
which can greatly reduce duplicated work if we know that ¢
is isomorphism-invariant. In this section, we first describe a
general approach to partitioning F by incrementally extending
a partial family. Then we elaborate on an instantiation of this
method that employs symmetry-breaking.

A. The Core Proof System

It turns out that property 3 is all we need to state the most
general version of our partitioning scheme; we call any pair

of functions ext, comp : F — 27 an extension-completion
pair if they satisfy this property.

Given a predicate ¢ on families and an extension-
completion pair ext and comp, we define a proof system
SYMBREAK(¢, ext, comp) in the following way. First, a node
is a pair N = (f, B) of a current family f and a collection
B € 27 of banned families. When we ban a family, we really
want to ban all its completions. Hence, for any collection
B € 27 of families, we define comp(B) = [J,c 5 comp(b).
Every node NV represents a single collection of families, called
its concretization, given by

N# = comp(f) \ comp(B). S

The concretization of a collection N of nodes is given by
N# = Unen N 7.

The calculus operates over a state consisting of a collection
N of nodes that is updated at each step. There are two
inference rules. Branch refines the partition by splitting a node
into two children based on taking or banning an extension
p. Prune removes nodes whose concretizations contain no
families satisfying ¢. In either case, we hope to preserve the
existence of satisfying families: the A/ should contain families
satisfying ¢ if and only if the same is true for the final A after
some rule applications.

Branch

N=(f,B)e N pecext(f) comp(p)Z comp(B)
N = N\A{NDH U{{p, B),(f,BU{p}}

Prune

N €N ¢3(N#) = false
N — N\ {N}

Example 2. Let ¢(f) be the statement that f is
an intersecting family, and consider the proof system
SYMBREAK(¢, ext, comp) using the definitions of ext and
comp given above. Let N = (@,0). The concretization is
N# = F. If our collection of nodes is N' = {N}, we can
branch on p = {0} to obtain two child nodes N; = ({0},0)
and Ny = (0,{{0}}) and an updated N = {Ny, No}.
N1# denotes all families containing the empty set, while
NJ = comp(0) \ comp({{0}}) = F \ comp({0}) denotes
all families not containing the empty set. We can easily prove
—¢3(N7") (that is, none of the families in N7* are intersecting
families, because they contain the empty set), allowing us to
prune N; and obtain A" = {N,}. Note that we have not lost
any intersecting families while doing these transformations, a
property we will see is guaranteed by the system.

We prove three highly-general results about SYMBREAK.
Theorem 1 ensures that the inference rules preserve families
satisfying ¢, so that our search is both sound and complete.
Theorem 2 ensures that the “partition” resulting from appli-
cations of the inference rules is indeed disjoint. These results
follow from induction on Lemmas 1 and 2 proven below (full



proofs for these theorems and any other results not proven in
the main text can be found in the online appendix).

Lemma 1. Ler Ny = (p, B) and Ny = (f, B U {p}) be the
child nodes spawned by applying the Branch rule to a node
N = (f, B) in the proof system SYMBREAK(¢, ext, comp).
Then NI U N} = N#,.

Proof. Since p € ext(f), we have comp(p) C comp(f) by
Property 3. It follows that comp(p) U (comp(f)\ comp(p)) =
comp(f). Thus

Nl# U NQ# = [comp(p) \ comp(B)]
U [comp(f) \ comp(B U {p})]

= [comp(p) U (comp(f) \ comp(p))] \ comp(B)
comp(f) \ comp(B) = N#.

O

Lemma 2. Ler Ny = (p, B) and Ny = (f, B U {p}) be the
child nodes spawned by applying the Branch rule to a node
N = (f, B) in the proof system SYMBREAK(¢, ext, comp).
Then N} N Ni = 0.

Proof. We have

N{* N NF = [comp(p) \ comp(B)]
N [comp(f) \ comp(B U {p})]

= [comp(p) N (comp(f) \ comp(p))] \ comp(B)
=0\ comp(B) = 0.

O

Theorem 1. Suppose Ny is a collection of nodes, and let
N, be the resulting collection of nodes after k € N appli-
cations of the Branch and Prune rules of a proof system
SYMBREAK(¢, ext, comp) starting from state No. If ¢ is a
predicate on families, then ¢3(N*) = p3(NT).

Theorem 2. Suppose Ny is a collection of nodes, and let
Ny be the resulting collection of nodes after k € N appli-
cations of the Branch and Prune rules of a proof system
SYMBREAK(¢), ext, comp) starting from state Ny. If the
nodes in Ny have pairwise disjoint concretizations, then the
nodes in N, have pairwise disjoint concretizations.

The final major result is Theorem 3, which says that one
cannot apply the inference rules of SYMBREAK indefinitely.
In particular, any decision procedure that iteratively applies
the rules until it no longer can is guaranteed to terminate. The
prune rule will inevitably run out of targets unless we can keep
adding nodes using the branch rule, so we hope that there is
some case in which we no longer branch. The following lemma
suggests one such scenario.

Lemma 3. In any proof system SYMBREAK(¢, ext, comp),
the Branch rule cannot be applied to nodes with empty
concretizations.

Proof. Suppose N = (f, B) is a node with N# = (). Suppose
we wish to branch on p € ext(f). We have

comp(f) \ comp(B) = N# = () (%)

so comp(f) C comp(B). We also have comp(p) C comp(f)
by Property 3. It follows that comp(p) C comp(B), so we
cannot apply the branch rule for this arbitrary choice of p,
because the premise comp(p) € comp(B) is not satisfied.
Hence, we cannot apply the Branch rule. O

Intuitively, as we apply the Branch rule, we more and more
precisely specify the range of families represented by the child
nodes, shrinking their concretizations until they become empty.
Therefore, we want to show that children spawned by the
branch rule are smaller, in some sense, than their parent. To
this end, we define the magnitude of a node N = (f, B)
to be ||N|| = |comp(f)||F \ comp(B)|. The magnitude of
a node should not be confused with the cardinality of its
concretization, denoted |N7#|. The actual values of nodes’
magnitudes are in general only meaningful in comparison to
one another. However, we have the important property that a
magnitude of zero corresponds to an empty concretization.

Lemma 4. For any node N = (f,B), if |N| = 0, then
N# = .

Proof. Suppose || N|| = 0. Then at least one of |comp(f)| =0
and |F \ comp(B)| = 0 must be true. If the former is true,
then

N# = comp(f) \ comp(B) =0\ comp(B) =0 (6)

If the latter is true, then we must have F C comp(B). But
then
comp(f) € F C comp(B) (7

so N# = comp(f) \ comp(B) = (). O

Now we can show that child nodes have strictly smaller
magnitudes than their parents. This will immediately allow
us to prove that only finite sequences of rule applications are
possible in SYMBREAK.

Lemma 5. Let Ny = (p, B) and Ny = (f, B U {p}) be the
child nodes spawned by applying the Branch rule to a node
N = (f, B) in the proof system SYMBREAK(¢, ext, comp).
Then ||Ni|| < |[N|| and |[Na| < [[N].

Proof. By Lemma 3, since we applied the Branch rule, we
must have N# = (). Therefore, by Lemma 4, we have || N|| #
0, so

|comp(f)| >0, (8)

|7\ comp(B)| > 0. )

Since p € ext(f), we have comp(p) C comp(f) by

Property 3, so |comp(p)| < |comp(f)|. Consequently, using
(9), we have

[N1][ = [comp(p)] - [\ comp(B)|
< [comp(f)[ - |F\ comp(B)| = [[NV]-



Moreover, since we applied the Branch rule, we must
have that comp(p) € comp(B). Hence, |comp(B U {p})| =
|comp(B) U comp(p)| > |comp(B)]|. Therefore,

|F\ comp(B U {p})| = |F| — [comp(B U {p})|
< |F| = |comp(B)|
= |F \ comp(B)|.

Using (8), we find that

[[V2|| = |comp(f)] - |F\ comp(B U {p})|
< [comp(f)[ - |F \ comp(B)| = [[NV]-

O

Theorem 3. There are no infinite sequences of rule applica-
tions in any proof system SYMBREAK (¢, ext, comp).

Proof. (Sketch: See the Appendix for a full proof.) Proof by
contradiction. Each Branch application reduces the number
of high magnitude nodes in favor of lower magnitude nodes,
while applying Prune can never recover lost magnitude.
Inevitably, one runs out of valid (positive magnitude) targets
to branch on and subsequently out of nodes to prune. O

B. Breaking Symmetry

With the most general results established, we turn towards
a specific instantiation of SYMBREAK with an extension-
completion pair that will be suitable for breaking symmetry:

exta(f) = {fU{s}|se2l\ f} (10)
compa(f) ={ge F|3f €lfl.g2 f} A

The definition of ext~ the same as the ext we defined in
an earlier example. In contrast, comp~ explicitly references
isomorphism, defining the completion of a family f to consist
of any family that contains f or a family isomorphic to f
(compare the definition of comp~ with Equation 2). What
this means for the execution of SYMBREAK is that when we
ban the completion of a family, we are able to eliminate
many families with entirely different compositions that are
nonetheless isomorphic (and thus redundant, when the family-
predicate ¢ is isomorphism-invariant).

Example 3. Let N = ((), ). Branching gives Ny = ({{1}},0)
and Nz — (0, {{{1}}}). Note that [{{1}}] = {{{i} | i €
[n]}, so compa ({{1}}) includes all families that contain any
singleton set. Hence, NJ' = compa(f) \ compa({{1}})
denotes all families that do not contain a singleton set. Node
Ny now does not admit branching on, say, {{2}}, since
compx({{2}}) = compx({{1}}) (violating the comp(p) &
comp(B) premise). Thus, banning {{1}} also banned {{2}}.
This prevents us from duplicating work, as we already consider
the isomorphic case in Nj.

In this subsection, we discuss the implications of specifying
this extension-completion pair on the properties of SYM-
BREAK. First, we introduce two quick but important properties

of comps., and we apply them to show that ext~ and compa.
do form an extension-completion pair as we have suggested.

Lemma 6. For any family f € F, we have f € compx(f).
Proof. This follows from f € [f] and f D f. O
Lemma 7. Suppose f,g € F with [ € compx(g). Then
compx(f) € compa(g).

Proof. We know from f € compx(g) that f O ¢’ for some
g’ € [g] (so there is a permutation 7, that sends g to g’).
Suppose h € compa(f). Then h D f’ for some f’ € [f] (so
there is a permutation 7 that sends f to f). Now we have

h2 fl=mp(f) 2mp(g) = mp(mg(9))-

Moreover, my o 7, is a permutation, so 7s(m,(g)) € [g], and
thus h € compa(g). O

(12)

Theorem 4. The functions ext~ and comp~ are an
extension-completion pair.

Proof. Suppose f € F and g € ext~(f). Then g = fU {s}
for some s € 2["\ f. In particular, g O f, so g € compa(f).
By Lemma 7, that means compa(g) C compa/(f).

To show that comp~(g) # compx/(f), we will note that
f € compa(f) by Lemma 6, and show that f ¢ compx~(g).
Suppose f € compa(g). Then f O ¢’ for some ¢’ € [g]. But

g'l = lgl =1f U{s}| > |f]

because s ¢ f. Therefore, |f| > |g’'| > |f], a contradiction.
O

(13)

Now that we have Theorem 4, we are justified in
considering instantiations of SYMBREAK of the form
SYMBREAK(¢, exte, comps ). It is expected that such in-
stantiations will additionally require that ¢ be isomorphism-
invariant, but this constraint is not necessary for the results we
develop here.

The main result we aim for is a strengthening of Lemma
5: when breaking symmetry, branching not only decreases the
(rather contrived) magnitude of a node, but directly decreases
the cardinality of a node’s concretization. All we require
before proving this is a small lemma:

Lemma 8. In a proof system SYMBREAK (¢, exta, comps.),
the Branch rule cannot be applied to nodes N = {f, B) where
f € comp~(B).

Proof. Suppose f € compa(B). Then f € compx(b) for
some b € B. By Lemma 7, that means comp~(f) C

comps(b) C comps(B). Hence N# = compa(f) \
compx(B) = (. By Lemma 3, we cannot apply the Branch
rule to V. O

Theorem 5. Let Ny = (p,B) and N» = (f, B U {p}) be
nodes spawned by applying the Branch rule to a node N =
(f, B) in a proof system SYMBREAK (¢, ext~, comps.). Then
INT |, INE| < |N#|



Proof. Lemmas 1 and 2 together tell us that |[N7| + |[NF| =
|N#|. So we need only show 0 < |Ni| < |N#|. By Lemma
8, we have [ ¢ compx(B). We also have f € comp~(f) by
Lemma 6, so f € compx(f) \ comp~(B) = N#. But f ¢
compx(p) (or else compa(f) C comp(p) by Lemma 7,
violating Property 3), so f ¢ compx(p) \ comp~(B) = Ni*.
Hence, N}* € N#, which means |[N7| < |N#|. Moreover,
since we applied the Branch rule, we must have compx(p) €
compa(B), so N = compa(p) \ compa(B) # 0, which
implies |N7*| > 0. O

C. Pruning with SAT

Implementing a decision procedure for
SYMBREAK(¢, ext, comps) that is able to apply the
Prune rule requires a decision procedure for determining
—¢3(N#). Below, we outline how to leverage automated
reasoning tools to do this.

In the most general terms, any constrained system of binary
variables generates a family predicate. Suppose we have a set
V = {vs | s € 2["} of binary variables v, € {true, false}.
For any family ¢ € F, we can define a unique assignment
Ay V — {true, false} by the rule Ay(vy) = trueiff s € g.
Hence, given any constraint K = {4;,..., A} of allowed
(e.g. satisfying) assignments, we obtain a family predicate by
defining ¢(g) = true iff A, € K.

Many constraint languages admit interpretation in this way.
For example, any propositional formula, together with a map-
ping of some of its variables to sets, generates a family
predicate under the natural constraint that K is the set of
assignments to those variables (i.e. partial assignments) that
can be extended into satisfying assignments. As another ex-
ample, consider the ILP problem P,.q(n) in [10]. Through
our lens, V is the set of the yg variables, and K is the set
of assignments to those variables such that the ILP is feasible
with optimal objective value zero. This constrained system
generates a family predicate, which the authors showed is
equisatisfiable to ¢p“"?.

Suppose ¢ is a predicate on families. For any node N =
(f, B) in the proof system SYMBREAK (¢, ext~, comps ), we
define the restriction of ¢ corresponding to N by

on(g9) =d(g) N f S gAg ¢ compa(DB) (14)

That is, ¢ is the same predicate as ¢ except that satisfying
families must additionally (1) contain f and (2) must not be
banned. We thus limit our focus to satisfying families con-
tained in N#. Even further, we break symmetry by restricting
to families that actually contain the representative f itself (not
just isomorphic copies), making it feasible to automatically
deduce the satisfiability of ¢ in practice.

For example, if v is a propositional formula containing

variables v, for all s € 2l we can define

YN =1 ANay A BB (15)

ay =\ v, (16)
sef

Be=N NV s (17)

beEB b’ €[b] s€b’

If the predicate generated by ¢ over the vs is ¢, then the
predicate generated by )y must be ¢. The oy constraints
enforce that a satisfying assignment represents a superset of f,
while the Sp constraints require that it is not in compx(B)
(by ensuring it is not a superset of anything isomorphic to
some b € B).

Quite analogously, if w is an ILP containing variables v, €
{0,1} for all s € 2, we can add additional constraints on
those variables:

sef

o <-1 Ve, beB
seb’

v, =1 (18)

(19)

If w and the v, together with a requirement on the feasibility
or optimal value of w, generate a family predicate ¢, then
the modified problem with the new constraints generates ¢y
Analogous encodings could be derived for any other constraint
language. Note that the banned family constraints (55 in the
SAT encoding) can in principal result in an exponential blowup
of the encoding size. While this is bound to happen at some
point, we have not yet observed in practice the subproblem
encoding incurring an overhead that outweights the benefit of
solution space reduction.

Now that we know we can automatically deduce the sat-
isfiability of the predicate ¢y using a constraint language
and solver of our choice, we wish to show that proving ¢y
unsatisfiable is enough to justify pruning the node V.

Lemma 9. Suppose B is a collection of families. Suppose
g1 = go are families. If g1 € comp~(B), then g €
comp~(B).

Proof. Suppose g1 € comp=(B). Then ¢; contains some b’ &
b for some b € B. We are guaranteed an isomorphism 7(g;) =
g2. Therefore, go = m(g1) 2 w(b') 2 b, s0 go € compx(B).

O

Theorem 6. Suppose ¢ is an isomorphism-invariant predicate
on families. Suppose N = (f, B) is a node in the proof system
SYMBREAK (¢, exta, comps). Then ¢3(N7#) if and only if
oN is satisfiable.

Proof. ( = ) Suppose ¢3(N#). Then there is a family
g € N# = compa(f) \ comp~(B) that satisfies ¢(g’).
Since ¢’ € compa(f), we have ¢’ O f’ for some [’ € [f]
(so there exists a permutation 7; that sends f’ to f). Let
g =ms(g") € [g'], so that g = mp(g") 2 mp(f') = f. Since
g ¢ compx~(B), we have g ¢ compx(B) (contrapositive of
Lemma 9). Finally, since ¢ is isomorphism-invariant, we must



have ¢(g) = ¢(g’) = true. Therefore, ¢ (g) = true, so dn
is satisfiable.

( <= ) Suppose there is some g € F satisfying ¢n(g).
Then ¢(g) = true and f C g and g ¢ compx(B). Therefore,
g € N# and ¢(g) = true, so ¢3(N#). O

For a given node N = (f, B), it is possible to restrict
¢n even further with symmetry constraints. Choose any p €
ext(f), and define

P (9) = dn(g) A (g € comp=(p) = pCyg) (20

That is, we add the constraint that satisfying families must
contain p, or else not contain anything isomorphic to p. The
idea is, if we can satisfy ¢ with a family containing p’ = p,
we can instead satisfy ¢ (assuming isomorphism-invariance)
with an isomorphic family that contains p itself. The added
constraint forces us to “look for” solutions containing p
“before” considering those containing isomorphic families,
limiting the search space further. This constraint could be
encoded in SAT as follows:

i{ = YN N0y @2n
o= N v|v| A V- (22)
sep\f p’€[p] tep’
= A A vV (23)
sep\f p'€lp] tep’

We evaluate the effect of adding these constraints empirically
in Section VI-B; they did not improve solving performance
in our experiments, so we do not impose them in the main
results we report.

Theorem 7. Suppose ¢ is an isomorphism-invariant predicate
on families. Suppose N = (f, B) is a node in the proof system
SYMBREAK(¢), ext~, comps), and fix some p € ext(f).
Then ¢5(N#) if and only if ¢; is satisfiable.

V. IMPLEMENTATION

We implemented a decision procedure for SYMBREAK as
a Rust library.! Users can implement the NodeOracle trait
(interface) by providing methods for serializing and solving
subproblems given input nodes (e.g. writing a DIMACS file
and invoking a SAT solver on that file). The partitioning
procedure uses a given NodeOracle to determine whether
individual nodes can be pruned. The user needs to provide an
implementation of the oracle, which determines the family-
predicate ¢ being tested. Our prototype also supports a dy-
namic timeout system for the oracle based on the depth of the
node.

Our partitioner, symbreak, branches on nodes in which the
NodeOracle cannot determine the existence of a counterex-
ample. We use nauty to check isomorphism of families in
order to build the equivalence classes [24]. Nodes are branched
on and tested for prunability in parallel, and the partitioner

I'Source code available at https:/github.com/jesselooney/symbreak.

logs its progress as it executes. We implemented a verifier
script in Python that inspects the logs and the set of terminal
subproblems to ensure that all nodes are accounted for.

To apply Branch rule, one needs to choose an extension p
to branch on. Our implementation heuristically chooses the ex-
tension with the smallest equivalence class. We experimented
with alternative heuristics (e.g. the largest equivalence class),
but did not find one that was consistently better than the others.

A. Case Study: Chvdtal’s Conjecture

As a test case for our partitioner, we used it to verify
Chvatal’s Conjecture for finite ground sets. We developed an
implementation of NodeOracle that encodes the conjecture
as a boolean satisfiability problem using RustSAT [25] and
determines prunability with Kissat [26]. We developed a novel
SAT encoding of the conjecture based on the ILP encoding in
[10]. For each set s € 2["/, we define propositional variables
x5 and y,. The truth of the former is interpreted as meaning
that s is a member of a family X, the latter as meaning that s is
a member of a family Y. We impose the following constraints
(viewed as clauses) on these variables:

{~ws, 4t} s, t€ oMl snt=0 (249)

{~ys,xs} s,t€ 2["},3 Ct (25)

oy > . ecn] (26)
se2ln] se2ln] ecs

{~ys} se2l sl e{1,2} @D

{z.} se2l s =1 (28)

{2z} U{y | te2l tDs} se2l |5 >1 (29)
[n] —

{ye |t €2 tns=0} s ¢ ol (30)

U{ﬁmsa ys}’
Constraints 29 and 30 are justified by the following theorem.

Theorem 8. If there exists a counterexample to Chvdtal’s
Conjecture, then there exists a counterexample (over the
same ground set) in which the downset is minimal and the
intersecting family is maximal.

Proof. Suppose there is a counterexample to Chvatal’s Conjec-
ture, so there is a downset X containing an intersecting family
larger than every contained star. There may be multiple such
intersecting families, but we are free to let Y be a maximal
one. Now we can let X’ be the minimal downset generated
by Y. Since Y C X, and X is a downset, we have X' C X.
Clearly, then, the largest stars in X’ are no larger than those
in X. Thus X’ and Y still constitute a counterexample to
Chvatal’s Conjecture. O

Note that one of the constraints is a cardinality constraint,
which we encode using a totalizer [27]. Together, constraints
24-26 assert that Y is a counterexample to Chvétal’s Conjec-
ture: Y is an intersecting family which generates a downset
X in which all the stars are smaller than Y. These constraints
alone would generate (over the variables y,) a family predicate
equivalent to ¢“"¥. The remaining constraints limit the search


https://github.com/jesselooney/symbreak

TABLE I: Interpretation of each constraint in our SAT encod-
ing.

Constraints  Interpretation

24 Y is an intersecting family.

25 X contains the downset generated by Y.

26 Y has greater cardinality than that of any star in
X.

27  See constraints (7f) in [10].

28  See constraints (7g) in [10].

29 X is a minimal downset containing Y'; X contains
only sets with supersets in Y.

30 Y is a maximal intersecting family in X; any set
in X \'Y must be disjoint with something in Y.

space further, while ensuring that any counterexample they
might exclude would have a counterpart they permit (the inter-
pretation of each constraint is given in Table I). The resulting
formula thus generates a predicate ¢>47 that is equisatisfiable
to . Moreover, 47 is isomorphism-invariant, since each
constraint depends only on the structure of X and Y, not the
particular names of the elements they contain. Hence, Theorem
6 justifies using the satisfiability of d)iAT (implemented as
1) to determine whether a node N can be pruned in the
proof system SYMBREAK (447 ext~, comp.). We did not
add the symmetry constraints o, in the experiment since we
found that their effect is mixed.

Additionally, we developed a separate implementation of
NodeOracle that encodes the conjecture as an integer linear
program using the PySCIPOpt [28] API for exact rational
solving with SCIP [13]. We use the same constraints as in
Preq of [10], with the exception of (7h) (see below), to
specify the base problem. We require that the optimal objective
value of the ILP is zero, thus generating a family predicate
¢'LP equisatisfiable to ¢V (as shown by [10]). Because
we left out constraint (7h), the only constraint that cares
about the particular names of the elements of X and Y,
the generated predicate is isomorphism-invariant. Therefore,
Theorem 6 ensures the correctness of pruning by adding the
following constraints for a node N = (f, B):

ys=1 sef

Sy <|-1 Ve, beB
seb’

€Y
(32)

and checking whether the resulting ILP has optimal value
zero. When partitioning with this oracle, we first branch on
the extension {{1,2,3,4}} to partially recover the symmetry
breaking that (7h) provides in the serial encoding (taking this
family implies (7h)), and fall back to the default branching
heuristic described above for all subsequent branches.

VI. EXPERIMENTS

We evaluated the instantiations of our partitioner described
in the previous section, comparing them to state-of-the-art
techniques applied to the same problem of solving finite cases
of Chvatal’s Conjecture. In the SAT world, the dominant

paradigm is Cube and Conquer—in particular, look-ahead-
based partitioning. We compare our partitioner to the look-
ahead solver march_cu [29].

For ILP, we instead run our partitioner in solving mode
and compare against a state-of-the-art exact solver, SCIP. In
doing this, we obtain the first fully verified solution of the
case n = 8. We detail these experiments in the following
subsections. Unless noted otherwise, all computations were
run on a computing cluster consisting of Dell PowerEdge
R6525 rack servers with 2.6-GHz AMD CPUs.

A. SAT Partitioning: Comparison with Look-Ahead

We compared our partitioner with march_cu, the state-
of-the-art partitioner used in Cube and Conquer, on a SAT
instance of the Chvatal problem for n = 7. We ran two
configurations of our partitioner, each with a different oracle
timeout (1s and 3s), both with 16 threads and a maximum
depth of 20. We ran three configurations of march_cu,
running the default configuration as well forcing it to partition
to depth 15 or 20 with the —d flag. Table II reports the number
of subproblems generated by each partitioner and the time
each took to generate. Each subproblem was then solved using
Kissat 4.0.4 with the ——unsat flag with a one-hour time
limit. For each partitioner, we report in Table II the total CPU
time taken to solve all subproblems that finished within the
time limit.

Note that we spent significant effort trying different SAT
encodings of Chvatal’s Conjecture by tuning the cardinality
encodings and adding or removing known encodings of vari-
ous lemmas that strengthen our assumptions for the conjecture.
We also attempted to tune Kissat as in [30] and to use a
solver that was more aware of cardinality constraints [31].
None of these methods helped significantly, motivating our
current approach.

Figures la—le show the distribution of solve time over
the subproblems generated by each partitioner configuration.
The distributions share the same right-skew, with more easy
subproblems and a few harder ones, though those from our
partitioner have a smaller range of solve times. Only the
depth 20 configuration of march_cu approaches our narrow
range, but does so at the cost of nearly a thousand times more
instances. The data suggest that march_cu is decomposing
the original problem less effectively than symbreak, carving
off many more trivial subproblems in the process. We expect
symbreak’s advantage is due to its better internal represen-
tation of the problem structure and that it is guaranteed to
strictly reduce the solution space at each branch (Theorem 5).

B. Solving n = 8 with ILP and Dynamic Partitioning

We found that SAT solvers tend to be significantly slower
than ILP solvers for verifying the same value of n. Therefore,
to tackle Chvital’s Conjecture for larger n, we used an existing
ILP encoding and the exact solving mode of SCIP 10.0.3.
Instead of pre-determining the depth to which we perform par-
titioning, we employ a dynamic divide-and-conquer scheme.
Each configuration is defined as {¢,r}: the initial per-node



TABLE 1I: Partition sizes, generation time, and total time to solve resulting
instances, for symbreak (oracle timeouts 1s and 3s) and march_cu (default
config and depths 15 and 20) on n = 7. Generation wall times are given only for
the parallel partitioners.

generation time (s) total solve time (s) max solve time (s)

partitioner partition size wall cpu cpu cpu
symbreak (1s) 102 411.1 61389 622.3 34.6
symbreak (3s) 46 120.8  2621.7 396.3 475
march_cu 1570 — 9.0 8650.0 TO
march_cu (d15) 2821 — 21.7 39127.3 2102.6
march_cu (d20) 44065 — 356.9 56 843.9 276.6

* Does not include four instances that timed out after one hour.

march_cu (default)

800 1,600 2,400 3,200

solve time (s)

(@)
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Te+1
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16 24 32 40 48
solve time (s)

(@)

0o 8
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400 800 1,200 1,600 2,000
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solve time (s)

©)
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symbreak (3s)
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solve time (s)
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Fig. 1: Distribution of solve times for subproblems of n = 7 generated by march_cu (a) default config (excluding four
timed-out instances), (b) depth 15, (c) depth 20; and SAT-based symbreak with oracle timeouts (d) 1s and (e) 3s. The y axis

is log-scaled in each case.

oracle timeout of ¢ seconds is used for all nodes up to a switch
depth s, after which the timeout is multiplied by r for each
subsequent depth. We ran each configuration using 52 cores.

Except where noted otherwise, we ran SCIP with conflict
analysis disabled (conflict/enable false) and Go-
mory cuts disabled (separating/gomory/freq -1).
We found that disabling these features is significantly better
in both the sequential and the divide-and-conquer setting.

Table III reports, for each configuration with the tuned SCIP

settings and switch depth s = 10, the wall-clock time, the total
time (the sum of all per-node solving and branching times),
and the number of leaf subproblems in the final partition. With
these settings, serial exact SCIP verifies n = 7 in 24 seconds;
in the {60, 2} and {60, 5} configurations, the root problem for
n = 7 is solved within the initial timeout, so no partitioning
takes place and the wall time is simply the root solve time. The
root problem takes longer than the serial run because the serial
encoding includes constraint (7h) of [10], which asserts that



TABLE III: ILP dynamic splitting run times on 52 cores with
tuned SCIP settings. Each configuration {¢,7} uses an initial
per-node timeout of ¢ seconds up to depth 10, after which the
timeout is multiplied by r for each subsequent depth. Wall and
total times are in H:M:S format; leaves is the number of leaf
subproblems in the final partition.

n="7 n =38
Config. Wall Total Leaves Wall Total Leaves
Serial 0:00:24 — —  72:26:02 — —
{5,2} 0:01:00 0:01:19 11 2:33:11 27:26:58 197
{5,5} 0:01:01 0:01:19 11 2:15:59  6:45:03 76
{60, 2} 0:00:56 0:00:56 1 4:11:04 12:40:15 53
{60, 5} 0:00:56 0:00:56 1 1:53:49  5:08:38 33

TABLE IV: ILP dynamic splitting run times on 52 cores with
default SCIP settings. The n = 7 runs use switch depth s = 10
and the n = 8 runs use s = 16 (the initial timeout ¢ applies up
to depth s and is multiplied by r for each subsequent depth).
‘Wall and total times are in H:M:S format; leaves is the number
of leaf subproblems in the final partition. The serial n = 8 run
did not terminate within seven days.

Config. Wall Total Leaves Wall Total Leaves
Serial ~ 0:05:24 — — >7 days — —
{5,7} 0:03:03 0:08:20 35 19:15:05 340:26:21 1679
{10, 6} 0:04:23 0:08:53 26 19:28:20 321:43:16 1214
{20, 5} 0:05:12 0:10:36 21 19:21:27 322:30:35 870
{60, 4} 0:06:03 0:07:12 6 20:24:28 303:47:54 570

the counterexample downset must contain the set {1,2,3,4};
as discussed above, our divide-and-conquer oracle omits this
constraint to keep the encoding isomorphism-invariant.

For n = 8, the serial solver took just over three days,
whereas every dynamic divide-and-conquer run finished within
about four and a half hours; the fastest configuration, {60, 5},
finished in under two hours, a roughly 38 x speedup. Notably,
the total time of each configuration is also well below the serial
solve time, so the partitioning reduces not only wall-clock time
but also the overall work. This suggests that our proposed
techniques can indeed effectively decompose the problem
and parallelize the solving process. The configuration with a
large initial timeout and an aggressive increase rate, {60,5},
performed best on n = 8, whereas the same initial timeout
with a milder rate, {60,2}, performed worst; we believe an
aggressive rate reduces duplicated work in the case where a
child is only slightly simpler than its parent. Figure 2 shows a
breakdown of the solver runtime on the leaf subproblems of the
{5,2} configuration. The distribution is heavily right-skewed:
the median leaf solve time is about 14 seconds, but the hardest
leaf required more than an hour. This suggests that a more
intelligent dynamic re-splitting scheme could better leverage
parallel resources and lead to further performance gain.

symbreak (ILP) {5, 2}

le+2 E

count

le+1

le+0 A

0 1,000 2,000 3,000 4,000
solve time (s)

Fig. 2: Distribution of solve times for leaf subproblems in the
{5, 2} configuration for dynamic splitting with ILP and n = 8.

TABLE V: Effect of symmetry-breaking constraints on n = 8
with tuned SCIP settings: wall time, total time, and number of
leaf subproblems for each configuration of Table III, without
and with the ILP analogue of the symmetry constraints o,
imposed on each subproblem.

Wall Total Leaves
Config. base +sym base +sym base +sym
{5,2}  2:33:11 2:42:52 27:26:58 33:03:47 197 209
{5,5}) 2:15:59 2:27:04 6:45:03 8:07:36 76 85
{60, 2} 4:11:04 4:22:47 12:40:15 18:43:41 53 61
{60, 5} 1:53:49 1:47:38  5:08:38 6:04:15 33 35

Table V reports runs of the same configurations on 7 = 8 in
which each subproblem additionally imposes the ILP analogue
of the symmetry constraints o,. Adding these constraints
does not boost performance: wall times remain similar (three
configurations run slightly slower and one slightly faster),
while the total time and the number of leaf subproblems
increase in every configuration.

Table IV reports the results of the same experiments run
with SCIP’s default settings, using switch depth s = 10 for
n =7 and s = 16 for n = 8. The contrast with the serial
solver is starker in this setting: serial exact SCIP verifiesn = 7
in 5 minutes and 24 seconds, and on n = 8 it timed out
after seven days, while every dynamic configuration verified
n = 8 in under 21 hours. Dynamic partitioning thus renders
the problem tractable even without tuning the solver settings.

C. Proving n =38

Beyond solving the case n = 8, we also produced and
checked proof certificates for it. To do so, we re-ran the
{60,5} configuration with the tuned SCIP settings on the
same cluster, this time with SCIP’s proof-production options
turned on: as before, each node was pruned if it was solved
within its timeout and branched otherwise. The run partitioned



the problem into 38 leaf subproblems, and we successfully
extracted a proof certificate in the VIPR format [32] for each
of them. Producing certificates roughly doubles the cost of
solving: the run took 4:13:42 of wall time and 11:27:21 of
total solving and branching time, compared to 1:53:49 and
5:08:38 for the same configuration without proof production.
The overhead also slightly alters the shape of the search: the
run produced 38 leaf subproblems rather than the 33 of the
certificate-free run, as slower oracle calls push a few additional
nodes past their timeouts and cause them to be branched. We
then ran the official proof checker [32] on those certificates
and successfully validated all of them; checking took 1970
seconds of CPU time in total, and the longest proof-checking
time for a single certificate was 356 seconds. The total size
of the certificates is 14 GB. The proof certificates and the
proof-checking logs are publicly available on Zenodo [33].
We have also checked that the leaf nodes form a partition
of the original problem, so the validated certificates together
constitute a machine-checked proof of Chvital’s Conjecture
for n = 8. In contrast, prior work solved n = 8 with serial
exact SCIP without generating a proof certificate [14] and
noted that a certificate of such a sequential run would exceed
1 TB, which is infeasible for the proof checker. As far as we
know, this is the first time this case of the conjecture has been
formally verified.

We note that the certificates cover only the solver’s rea-
soning on the individual subproblems. The partitioning steps
themselves, whose correctness is guaranteed by Theorems
1 and 2, are not accompanied by certificates; conceptually,
the partitioner carries out part of the deductive work that a
monolithic run would have to certify, which also helps explain
why our certificates are far smaller than the estimated 1 TB.
Unlike the numerical reasoning that VIPR certifies, this part
of the reasoning is discrete and involves no floating-point
arithmetic; still, producing machine-checkable certificates for
the partitioning itself would make the proof verifiable end to
end, and is an appealing direction for future work. It might
also be desirable to construct a single certificate of the original
problem from certificates of sub-problems [34].

VII. CONCLUSION

We presented a novel partitioning strategy for extremal
combinatorics that breaks on isomorphic families of sets. Our
method of branching on an extension of a partial family of sets
and banning isomorphic equivalents both showed improve-
ments over the look-ahead-based partitioning for SAT and
successfully parallelized ILP solving. A dynamic re-splitting
scheme that combines our partitioning strategy with an exact
MILP solver exactly solved Chvétal’s Conjecture for n = 8
in a reasonable time, and produced the first verified proof of
this case of the statement.

In the future, it would be interesting to test our methodology
on other problems in extremal set theory, such as the Union-
closed Sets Conjecture [35]. Our method is already general
enough to handle these cases, so extensions would merely need
to formally describe an appropriate predicate in a language that

admits automatic deduction in order to apply our approach.
Using our solver-agnosticism, such explorations could also
investigate whether ILP or SAT methods are superior on the
chosen problems. A related direction is to investigate why ILP
is more effective than SAT in the case of Chvéatal’s Conjecture.
Our implementation could also be pushed further by better
utilizing available cores with more intelligent dynamic re-
splitting. Considering that solver configurations significantly
impacted runtime in our experiments, performing parameter
tuning [36], [37], [30] may further boost performance. Finally,
producing machine-checkable certificates for the partitioning
steps themselves would make the resulting proofs verifiable
end to end.
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