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Abstract—The core-guided MAXSAT algorithms are one of the
most successful approaches for solving MAXSAT problems. Sev-
eral of these algorithms are based on the idea of core relaxation,
where all clauses in the core must have the same weight. For
weighted instances, such cores are obtained by using cloning
clauses whose weights are larger than the minimum weight. While
cloning is widely used, the question of whether it is necessary
has only recently been raised. We investigate this question and
propose a novel core transformation procedure that takes weights
structure into account. In particular, we consider two MAXSAT
algorithms, OLL and MAXRES, and show how they can be made
weight-aware; we can reuse internal encoding variables in the
case of OLL and exploit the MAXSAT resolution rule in the case
of MAXRES. We implemented our algorithm on top of OLL with
sequential counters encoding of cardinality constraints and show
that it has competitive performance compared to this baseline.
Moreover, there are several families of benchmarks where it
significantly outperforms the baseline.

I. INTRODUCTION

Weighted Maximum Satisfiability (MAXSAT) is an op-
timization version of satisfiability that contains both hard
clauses and weighted soft clauses that cannot be satisfied to-
gether. Solving a weighted partial MAXSAT formula involves
finding a truth assignment that satisfies the hard clauses along
with a subset of soft clauses such that the total weight of
violated clauses is minimized. Many industrial applications
can be naturally encoded in MAXSAT, and successful appli-
cation areas include software package upgrade and debugging,
bioinformatics, timetabling, planning, and scheduling [1]-[7].

Due to its practical importance, several effective algorithms
have been developed [7]-[17]. One of the most successful
approaches to solving large industrial problems has been core-
guided approaches, where a sequence of unsatisfiable cores is
extracted using a SAT solver. Each time an UNSAT core is
extracted, it performs a preprocessing step where all clauses
in the core are made to be the same weight. Then the core is
relaxed, and the lower bound of the optimal cost is increased
by the value of the minimum weight clause in the core. Such
a procedure does not take into account weights structure in the
core. In this work, we revisit core relaxation procedures for
two classes of core-guided solvers: OLL and MAXRES. We
analyze their relaxation algorithms and show that there are
new ways to perform core relaxation using transformations
that exploit the weight structure of the core.

We make the following contributions. We start by analyzing
the OLL algorithm and propose an alternative relaxation pro-
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cedure. We prove several interesting properties of the proposed
transformation and show that it can reduce the number of SAT
calls, as it can increase the lower bound of the optimal cost
by more than the minimum weight of soft clauses by relaxing
multiple, possibly overlapping, cores. We demonstrate how
to efficiently implement it by softening auxiliary variables
of sequential counters encoding of the reified cardinality
constraints.

Next, we investigate the MAXRES algorithm and show that
it can naturally extend to cores with heterogeneous weights
if we use a slightly less restrictive resolution rule compared
to the one used in [18]. This demonstrates that weight-aware
relaxation is not tied to OLL but applies to resolution-based
core-guided solving.

Finally, we implement the proposed algorithm on top of
OLL with an incremental version of sequential counters
and develop several hybrid strategies that use both cloning
and the new proposed relaxation procedure. We show that
we perform comparably to the base version and outperform
it on more than half of the benchmark families from the
MAXSAT Evaluation 2024. In particular, we investigated a
number of configurations and showed that our best hybrid
solves 405 instances, compared with 401 for the clone-based
baseline using the same encoding. Adding our configurations
to a portfolio of state-of-the-art core-guided solvers raises the
virtual best solver result from 414 to 425 instances, showing
that weight-aware relaxation captures structure that the other
solvers do not exploit. The main open problem is how to select
the transformation for each core.

II. BACKGROUND

Basic definitions. A maximum satisfiability problem consists
of a set of soft clauses Fy, = {(Cr,w1),...,(Cpm,wm)},
where w; is the violation cost of the clause C;, and a set of
hard clauses F}, = {Cy41, - - -, Crnms } OVer a set of Boolean
variables. We denote Vars(i)) a set of variables in clauses of
1. W.Lo.g., we assume that F}, is SAT and F A F}, is UNSAT.
A literal [ is either a variable = € Vars(F;UF},) or its negation
Z. A clause C is a disjunction of literals (I; V -+ V I,). An
assignment [ is a mapping Vars(Fs U F},) — {0,1}. A clause
C is satisfied by an assignment, I(C) = 1, iff I(I) = 1 for
some | € C, otherwise C is falsified by I and I(C) = 0.
A set of clauses F' is satisfied by an assignment, [(F) = 1,
iff I(C) =1 forall C € F. I is a solution of MAXSAT if
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Fig. 1: (a) Left figure: initial cores structure in Exm 2; (b) right figure: cores structure after the 1st core is relaxed in Exm 3.

it satisfies all hard clauses F},. I is an optimal solution if it
minimizes the total weight of violated clauses.

Definition 1 (Core/Minimal core). An unsatisfiable core is
a subset of soft clauses core C Fs such that core N\ Fy, is
unsatisfiable. A core is minimal if no proper subset is a core.

Example 1. Suppose we have four soft clauses Fj

{(z1), (Z1), (x2), (1 V ZT2)}. An example of a core is core =
{(z1), (Z1), (x2)} as it is an unsatisfiable subset of clauses.
An instance of a minimal core is {(x1), (Z1)}. O

Core-guided search. The core-guided solver is one of the
main classes of MAXSAT solvers. In a nutshell, a core-guided
solver starts by assuming that all soft clauses can be satisfied.
If that is not the case, it finds an unsatisfiable core and
relaxes the formula by allowing one clause in the core to be
violated. To perform such transformations, a solver introduces
relaxation variables b that are added to the original clauses.
For example, an original soft clause (C7,w) is replaced with
a hard clause C' = (Cy Vv by) and a soft clause (by,w;), where
by is a relaxation variable. We assume that this transformation
has been performed for all soft clauses. For convenience,
we assume that clauses are sorted by their weights in de-
creasing order in a core: core = [(by,wp), ..., (bk, wk)],
w; > wiy1,4 € [0, k), and use a list instead of a set to describe
a core. Next, we introduce our running example.

Example 2 (Running example). Consider a problem
with five soft weighted clauses Fs = [(bo,5), (b1,5),
(b2,5), (b3, 1), (bs, 20)]. We assume a set of hard clauses Fy,
that induces the core structure below; its exact form is not
relevent to the example, so we omit it. Figure I(a) shows
core structures with 5 minimal unsatisfiable cores. The optimal
solution must violate clauses [(bo,5), (b1,5), (b2, 5), (b3, 1)].
Hence, the optimal cost is 16. O

III. MOTIVATION

Modern core-guided relaxation-based algorithms perform
cloning operations on the core to ensure that all weights are
equal to the minimum weight in the core [9], [18], [19]. How-
ever, such transformations do not take into account the weight
structure of the core, as all core clauses are trimmed to the
same weight, and can weaken the derived lower bound [17].

Moreover, cloning a clause means that the same clause may
participate in the transformation procedure multiple times.
Finally, the weight structure of the clauses in the core may
carry important information that is currently ignored. Hence,
an interesting question is whether there are alternative transfor-
mations to the standard clone-based procedure [6]. Recently,
[6], [20] pioneered investigating non-cloning procedures for
the core-guided algorithm OLL and proposed the first weight-
aware transformation algorithm, AbstCG. We investigate this
direction further, showing how weight-aware transformations
can be performed incrementally and establishing several new
properties of such transformations. In particular, these proper-
ties allow the lower bound on the solution cost to be increased
by more than the minimum weight in some cases.

We start by reviewing the core-guided algorithm OLL,
which uses a clone-based transformation in Section IV. Then,
we consider alternative transformations and their properties. In
Section VII, we consider the MAXRES algorithm and propose
an alternative transformation.

IV. THE CLONE-BASED CORE TRANSFORMATION (OLL)

We consider a core-guided algorithm that employs soft
cardinality constraints to perform a transformation of a core
(OLL). Algorithm 1 shows the core transformation procedure.
Given a core [(bg,wp), - -, (bg,ws)], it starts by computing
the minimum weight among all clauses in the core, w (line 1).
The first step of the algorithm is cloning (lines 4-8). It creates
a clone of each soft clause (by,,wy,) that has a weight greater
than w into two soft clauses (by,w;, — w) and (b, w). This
gives it a core with soft clauses of the same weight, (b;, w),
i € [0, k]. Second, it introduces soft cardinality constraints to
count the number of violated clauses (lines 10-12). After each
step, it updates hard Fj and soft Fy clauses. In practice, the
incremental version of the core transformation is used, where
only the first reified cardinality constraint is introduced, and
the remaining constraints are postponed, meaning that they are
introduced only if 0; is part of a future core.

Example 3. Let us continue with the running example and
the first core [(bg,5), (b1,5), (b2,5), (b3, 1)]. Table I (see the
first core) shows all cardinality constraints and soft constraints
that Algorithm 1 introduces. The first step is cloning, where we
clone clauses in the core to make sure that all soft clauses have



Algorithm 1 The clone-based core transformation

Require: [(50, wo), ..., (Ek., wg)], Fh, F.
Ensure: Transformed hard and soft clauses
I w < min{wo, ..., wk}
2 F!=F,, F, =F),
: D> Step 1: Cloning
: for each (by,, wp) € core do
if wy, > w then _ _
Replace (b, , wp) with (b, w, — w) and (by, w)
F!= F!uU {(bp, wp, —w)}
Fi= F\{(bn,w)}
9: > Step 2: Introduce soft cardinality
10: for i = 1to k — 1 do
11: F}/z: F}/LU{ZhG[O,k] b <1 < 0;}
122 Fl= F/U{(o;,w)}

/ ’
13: return F, , I

® =N oW s W

Algorithm 2 CUsCUS core transformation

Require: [(bo,wo), ..., (bk, wr)], wi > wit1,i € [0, k), Fp, Fs
Ensure: Transformed hard and soft clauses
1. W = [wo,...,w,0]; ¢ = |distinct([wo, . . .
2 P=[po,...,pqgl =[0,...,0];0 = [bo,...
:r=20
4: > Step 1: Prepare auxiliary data
5. for h = 0 to k do

Jwr])[ =1
8q-1] = 1[0,...,0]

6 if Wj, > Wy then
7 Pr = h

8 O = Wp — Whia
9: r=r+1

10: F, = Fs \ Unepo, 5] {(br, wn)}, Fj, = Fi,

1 > Step 2: Transforming the core

12: for r = 0 to q do

13: ar =[0,1,...,p,]

14: forzEa,|z7é0Vr7£qd0

15: F, = F} U{Zhea bp <i < O}
16: F! = F!u{(, )}

17: return F}, F!

the same weights [(bo, 1), (b1,1), (b2, 1), (b3, 1)] and clones
[(bo,4), (b1,4), (ba,4)]. Next, we introduce reified cardinality
constraints using soft reification variables o} (the superscript
1 stands for the first iteration) and introduces three reified
cardinality constraints. In the case of the incremental version,
all but the first cardinality constraint can be added in later
iterations [9] (highlighted in blue in Table I). O

For completeness, we explicitly write down the transformed
hard and soft clauses after a core transformation, assuming wy,
is minimum weight.

Fro=F |J [ Y tw<iea] O
i€(0,k) he[0,k]
Fl= (F\ |J @nwn)U
he[0,k]
U (b, wn —wi) | @Gowr) @
he[0,k],wp —wi >0 i€(0,k)
FouL = F, UF. 3)

We consider partial execution of OLL on our running example
using clone-based transformation.

Example 4. We will show an execution of the algorithm for
three steps in Table 1. We record the number of calls to the SAT

#|LB Reified cardinalit Introduced softs
[#]LB] ified cardinality [ duced sof |
e core1 = [(bo, 5), (b1,5), (b2,5), (bs, 1)]
bo + b1+ b2 +b3 <1 oi (01, 1), (bn,4),h € [0,2]
b0+b1+b2+b3<290% (03,1)
bo + b1 +bo+b3 <308 (01,1)
22 coreg = [(b4,20) (01, 1)]
bi+ol<1c7 (62,1), (b4, 19)
ale corez = [(b4,19), (bo, 4)]
T = —1,3 _1,3 T
bitbo<loo” | (1°,4),(bs, 15)

TABLE I: Three iterations from Example 4.

Core: [(bo, 5), (b1,5), (b2,5), (b3, 1)].

Aux. data [ Reified cardinality [New soft
r=1: bo+b1+b2+bg§1<—>5i (Oi,l)
a1 =1[0,1,2,3]bo + b1 + bz + b3 < 2 <+ 63 (03,1)
and 61 =1 bo+b1+b2+b3§3<—>5§ (Eé,l)
r=0: bo+b1+b2<0<—>68 (5§,4)
ap =1[0,1,2] bo+b1+b2<1+ 70 (03,4)
and g = 4 bo+b1+bg<2(—>06 (5@,4)

TABLE II: The CusCus transformation on processing the
core [(b()a 5)7 (b17 5)’ (an 5)7 (b37 1)]

solver, #, and the current lower bound, LB. Suppose the first
core is [(bo, 5), (b1,5), (b2, 5), (b3, 1)] which is the same as in
Example 3. After relaxing the first core, the core structure is
shown in (Figure 1(b)). This core structure is a pathological
case for core-guided solvers, as they will have to discover all 6
cores to obtain the optimal cost in the best possible execution.
Suppose the second core is [(bs,20), (01,1)]. The minimum
weight is 1, so we have to clone (by,20) into (bs,19) and
(bs, 1). Hence, we introduce one reified cardinality constraint.
The third core is [(by,19), (b, 4)]. We proceed similarly to
the second core. In any execution, there will be at least 4
more calls to the SAT solver to discover all cores in the star
structure of the cores that we obtain in Figure 1(b) and obtain
the optimal cost which is 16 in this example. O

V. THE CUSCUS CORE TRANSFORMATION

The main idea of CUSCUS is to use parts of the cardinality
constraint as soft constraints. We will show that our trans-
formation is cost-preserving and allows deriving a stronger
lower bound using simple implied constraints. Algorithm 2
presents our core transformation. It takes a core with clauses
sorted by weights in decreasing order [(bo,wyp), - - - , (bx, ws)],
where w; > w;t+1,7 € [0,k), as input. Next, it introduces
auxiliary arrays. First, it defines an array of sorted weights
W = |wo,...,w,0], where Wj, = W[h], h € [0,k + 1], are
the weights of the clauses in the core, and for convenience
the last value is zero (line 1). Next, it defines an array of
indices over W to capture the positions in W where the weight
value changes, P = [pg,...,p,). In line 7, we set p, = h
if Wi, > Wy, so we have a change of weights in W.
We also record the difference between consecutive non-equal
weight values as 6, = W;, — W41 = [by construction] =
Wy, =Wy, forr € [0, q] (line 8), where we set p,41 = k+1



so that W, ., = 0 and J, = Wj. At the second step, we
compute updates of soft and hard clauses. We use the prefix
notation on indices: o, = [0,1,...,p,], 7 € [0,¢] (line 13).
For each prefix «, of the sequence of variables [by, ..., bk,
we introduce soft cardinality constraints (lines 12-16). We
exclude by + ...+ by < 0 <> 0f as o) must be falsified due

to existence of core.

Example 5. We continue with the running example, and let the
first core be [(bo, 5), (b1,5), (b2, 5), (b3, 1)]. The sorted weight

array is W = [wo, w1, wa, w3, ws] = [5,5,5,1,0]. The value
of q =1, as it is equal to the number of distinct weights in
core minus one: q¢ = |{5,1}] — 1 = 1. There are two index

positions in W where the weight changes: 2, as wy > ws,
and 3, as w3 > wy. Hence, P = [pg,p1] = [2,3]. The array
of differences is 6 = [4,1], as 69 = wy — w3 = 4, and 6; =
wsg — wy = 1. Table II shows all cardinality constraints and
soft constraints we introduce. As ¢ = 1, we have two prefixes,
ap =10,1,2], oy = [0,1,2,3]. So, we will have two sets of
cardinality constraints to count the number of ones per prefix
of weights with the same value. O

We explicitly write down the transformed hard Fj, and soft
F clauses.

Fy=F, |J U (> bh<i & o] @

rel0,q] i€, |iA0Vr#q h€a,

Fl = (F,\ O(Eh,ww) U U

h=0 rel0,q] i€a, |i#£0Vr#q
FCUSCUS = F}/L ) F; (6)

(07,0r) (5

In the next section, we prove that Algorithm 2 performs a
cost-preserving transformation.

A. Theoretical properties of CUSCUS

First, we prove the correctness property that the transfor-
mation is cost-preserving. We say that «,. is shorter than oy
iff || < |ag|. We denote spr(j) as the index of the shortest
prefix «,., spr(j) = r, that contains the jth index, so that
j € (pr—1,pr)- In Example 5, if j = 3 then spr(3) is equal to
1, as ay = [0,1,2, 3] is the shortest prefix that contains 3. We
also denote I, = p, — pr—1, 1 € (0, ¢, the number of indices
that «, adds over «,_1.

Proposition 1. Consider a clause (bj,w;) in core =
[(bo,wo), - .., (bk, wk)] and the transformation defined by Al-
gorithm 2. Then w; =Y.} _ 6y, where v = spr(j).

Proof As j € (pe1,pds we get w; = w,
as all weights w,, g € (pr—1,pr], have the
same value. Therefore, by construction, we have
wj = Wp, = Wp, —Wpyy TWp — Wy, t...
Or 5r+1
_ ¢

wqul - wpq +wpq -0= h=r 6}7" O
—_————— N——

g1 5q

Theorem 1. Consider a core = [(by,wy),- . ., (b, wy)] and
the transformation defined by Algorithm 2. The transformation
is cost-preserving.

Proof. Algorithm 2 transformation is explicitly described by
Formula 6. To prove the result, we need to show that (a) if |
is a solution of Fj, U F (the formula before the transformation
is applied), then I is also a solution of F} U F (Formula 6
after the transformation is applied), and (b) the cost of I is
the same in Fj, U Fs and F; U F..

First, we observe that Formula 6 does not change the set of
solutions of the formula before transformation Fj, U F, as we
only add hard constraints that are reified, and each reification
variable forms a soft unit clause. Hence, we only need to prove
that the cost of each solution remains unchanged after the
transformation.

Let I be a solution of the formula F}, UF with cost cost(I).
Consider clauses in the core that are violated by /. We only
need to consider clauses in the core, as we do not change other
soft clauses during the transformation. Let B be the violated
clauses sorted by weight: B = [(b,,wy,),- -, (b, w;,)].
Hence, the cost is cost(I) = > 7_, cost(by;) = D 5_ ) w,.

Next, we need to prove that the total violation cost
Z;Zl cost(by;) is the same in the transformed formula for
I. The total cost of violation for I in Fcyscus is equal to the
number of violated soft clauses in each prefix times the cost
of this prefix. More formally,

D> b x [{tr,. ot} N[0, p,]]

r€[0,q]

=3 s x )Nl

j=1re€[0,q]

Z dr X i(tj €ay) =
] =

ref0,q

w

S
6, = by Proposition 1 = Zwtj.

J=1r=spr(t;) Jj=1

Hence, the violation cost of [ is identical in the transformed
formula. As we considered an arbitrary solution of Fj, U Fj,
this proves that the transformation preserves the cost of any
solution. O

We prove a few useful properties of the transformation.

Proposition 2. The following properties hold after CUSCUS
core transformation:

1) o =0
o, =0, i€a,i#0, re|0,q]

2)o; =0 =
3J0/=0 = 0 =0i€ani>l,re(0q

Proof. The first two properties hold for clone-based transfor-
mation and the same arguments hold for CUsCuUs. So, we
only need to prove the third property. By definition, 0] = 0
is equivalent to by + ... + b, > 4. First, we subtract [,
from both sides: by + ... + b, — I, > ¢ — [,. We rewrite
as [bo+ ...+ by, +[bp 141+ .- Fbp. — 1] >i—1.
By construction, we know that b, 11+ ...+b, — 1, <0



as [{bp, ,+1,---,bp,}| < .. By subtracting the last two
inequalities we get bg + .+ by, > i —I.. Hence,
=0. O

z

1

Next, we prove an interesting property of CUSCUS. We
show that, given a core, we can derive the existence of a
different core, and we can transform both of them in a certain
order. This allows us to increase the lower bound of the cost
by more than the minimal weight of the clauses in the core
without calling a SAT solver. Let us denote A as a set of soft

clauses {(bo,wo), ..., (bs,wy)}.

Proposition 3. Ler F}, and F be the hard and soft clauses at
some iteration of the algorithm. If AU {(0},0,)} is a core of
the formula Fy, U F, then AU {(0]_ ll ,0r—1)} is also a core
of Fr, UF.

Proof. 'We prove by contradiction. As AU{ (o, )} is a core,
by definition of a core, we have the following unsatisfiable
formula @ = Fj, A, 4 by, NoL. Suppose AU {(o ;_ll ,0r—1)}
is not a core. So we have the satisfiable following formula
R=1F, /\gheA bn /\52:&. B

Both @@ and R share a subformula F}, N, e 4 brn. We consider
two cases. First, if this sub-formula has no solutions, we have a
contradiction to 1 is SAT. Second, we suppose that F}, Ay, . 4
b, has a solution [ that can be extended to a solution of R.
Note that 0] _ ll must be set to true in I. By Proposition 2,
Property 3, 0] must be true as well. Hence, [ is a solution of
Q. This leads to a contradiction. O

Using Proposition 3, we can prove that both cores that
satisfy Proposition 3 can be relaxed consecutively. Lemma 1
proves this important property and allows us to increase the
lower bound multiple times without calling the SAT solver. Let
(07,0,) and (0;_; ' 8,_1) be two soft clauses introduced by
processing some core before the current iteration.

Lemma 1.
[(EQ,’LU()), e

Suppose, we  have a  core =
(Ck,wy), (0, 6,)], where wy, > §,. Consider
the CUSCUS transformation Fcuscys = Ff U F. after
processing this core. If a soft clause (5;':117',5,,._1) € Fl,

—q—1 - .
then {(0/0 ) - 57") ( : /) rfl)} is a core of Fcuscus,

—q—1 . . .
where o'  is a reification variable introduced at the current
iteration.

Wk

Proof. We prove by contradiction. As we have a core =
[(G0, wo), - - -, (Ck, wk), (0F,, 0,)] the following formula is un-
satisfiable: Q = Fj, ATy A ... A€ AO;, where F}, denotes the
hard clauses at the start of the current iteration, so it already
contains the reified constraint defining o} .

Suppose { (o' 6r), (0]~ ll ,0,—1)} is a not core of
Ftuscus- Consider a formula R = F} A 3871 A 6;7:llr. This
formula is satisfiable by our assumption. Then there exists a
solution I. Note that 0, " must be
true in this solution.

The sorted weights of the current core are
[wo, ..., wg,0r,0]. As wy > 0., position k is a position
where the weight changes, and it is the second to last such

1
y W —

—4q
must be true and o'

position, since the last one is k + 1, where §, drops to 0.
Hence p,—1 = k and ay—1 = [0,...,k], which also gives
dg—1 = wy — O, as the weight of the introduced soft clause.
So, we have co +¢1 +co+ ... +ck §0<—>9871
As o8 is true in I, we conclude that I(co) + I(c1) +
I(ca)+...+1(ck) =0. As 5;:;7. is true in I, we conclude by
Proposition 2, Property 3, that 1(o]) = 1. Hence, Fj A ¢y A
..AC, AO; must be true. As FY only adds definitions of fresh
variables to F},, every solution of Fj restricted to Vars(F},) is
a solution of F},, we can conclude that Fj, AcoA...ACL O] is
true. Hence, () is satisfiable. This leads to a contradiction. [

An execution of OLL with CUSCUS. Next, we consider
partial execution of CUSCUS on our running example. To
avoid writing multiple sets of reified constraints per core, we
assume that there exists an encoding ReifiedCard for all
cardinality constraints introduced by CUSCUS. It takes unit
soft clauses and a value r as inputs and produces a SAT
encoding of all reified cardinality constraints and additionally
makes available all reification variables. More concretely,
given a core [(by,wp), .., (bx,ws)] and 7,7 € [0, g, we can
assume the existence of the following SAT encoding which
allows us to simplify Formula 4.

ReifiedCard ([(bo,wo), - -, (bk, wi)],7) =

= U lehSi © ozf], (7)
1€a, [i1#£0Vr#£q Lhea,

Fp=F, |J ReifiedCard ([(By,wy), ..
r€([0,q]

 (br, w)], ) (8)

Example 6. Let us consider an execution of the running
example using CUSCUS. We will demonstrate the algorithm’s
execution over two steps. Table Il presents reified cardinality
constraints and soft constraints introduced upon encountering
each core.

Suppose the first core is [(by,5), (b1,5), (b2,5), (b3, 1)),
which is the same as in Example 5. Thus, we introduce two
sets of reified cardinality constraints. Now, we write them
in a compact form using ReifiedCard. Soft clauses are
obtained using ReifiedCard. Note that we have an additional
superscript to distinguish the iteration when the reification
variable is introduced. For example, the second superscript in
01’1 shows the iteration number. We again highlight in blue the
soft clauses that can be postponed in the incremental version.
Suppose the second core is [(bs,20),(07",1)]. We have
W = [wg, w1, ws] = [20,1,0]. The value of ¢ = 1, as it
is equal to the number of distinct weights in core (which is
2) minus one. There are two index positions in W where the
weight changes: 0, as wy > wi, and 1, as w; > wy. Hence,
P = [po,p1] = [0,1]. The array of differences is 6 = [19,1],
as 0g = wg —wy = 19, and 61 = w1 — wy = 1. Two
prefixes, ag = [0], oy = [0, 1]. We introduce two sets of reified
cardinality constraints over the variables in the core. Since the
cardinality constraint over o contains only one variable, we



’#‘ LB ‘ Reified cardinality ‘
core1 = [(bo, 5), (b1, 5), (b2, 5), (b3, 1)];
ReifiedCard(corer, 1)| (0,7, 1), (05", 1), 05", 1)
ReifiedCard(coreq, 0) (58’1, 4), (6?‘] ,4), (58’] ,4)

corey = [(bs,20), (57", 1)]
ReifiedCard(coresz, 1) (5}‘2, 1)
ReifiedCard(cores,0) (68’2, 19) < (b4, 19)

By Lemma 1: as [(by, 20), (5%’1, 1)] is a core
then [(b4, 19), (58’1,4)} is a core. Hence:
6 cores = [(b4, 19), (58’17 4)]
ReifiedCard(cores, 1)
ReifiedCard(cores, 0)

TABLE III: Two iterations with CUSCUS (Exm. 6).

New soft ‘

K\p[0]1 2 \ 3
r=0,p1 =2 r=1po=3
3 sg > 0:1,)
2 s% > 03 sg > o%
1 s% s% > 0(1) s‘;’ > o%
0 58 s(lJ s% > 08 sg > 0(1J
bo b1 |b2 b3

TABLE IV: Sequential counter encoding variables and
their correspondence to the reification o variables for the
first core (Example 7).

have a trivial constraint: by < 0 < 68’2. Hence, 58’2 = by,
and we retain the original variable name for simplicity.
Finally, we can apply Lemma 1 and save a SAT call. We
have core = [(bs,20), (@",6,) := (oy",1)]. Thus, r = 1,
i =1, and 6, = 1. We consider I, =11 = p1 — pg = L.
Next we check if (6;':11’1,5T,1) = (68’1, dr—1) belong to soft
clauses. The answer is yes, as we have (68’1,4), S0 0p_1 =
4. By Lemma 1, it forms a core with (1 "2 wy, — 6,) =
(00%,19). As explained above in this example, (0)°,19) =
(bs,19). Hence, [(b4,19), (00", 4)] is a derived core, and we
can process it using Algorithm 2. There exists an execution
with only two additional calls to the SAT solver to discover
all cores and finds the optimal bound 16. In total, it saves
three calls compared to the best execution in Example 4. [

VI. ENCODINGS OF REIFIED CARDINALITY CONSTRAINTS

We consider a concrete implementation of the
ReifiedCard encoding. Interestingly, we can simply
exploit the incremental sequential counter encoding without
any changes to the hard constraints, but reuse internal
variables of the encoding to encode soft constraints.

Let us recap the sequential counters encoding for the cardi-
nality constraint [21]. It introduces O(nk) auxiliary variables
to track the number of ones in the cardinality constraint. The
new variables count the sum of the input variables by, . .., by
in unary for each cumulative sum >, _ by: i € [0,k], p€
li, k], s¥ <> S0 _,bp > i+ 1. If s¥ is true, then we know
that the sum of variables by, . .., by is greater than 4.

Proposition 4. Let a core be [(by,wy), ..., (by,wy)] and
ReifiedCard ([(50, wo), - - -, (br, wi)], 7“) be an encoding of
reified cardinality constraint defined by Formula 7. The fol-
lowing holds: o] = s;", i € a,.

Proof. By definition, for any p,, we have the corresponding
prefix a,. such that Zhear by, < i <> 0;. On the other hand,
by definition of sequential counter variables we have that

hobh = Ypea, bn > i+ 1 < s, Taking negation of
the first expression gives us Zhe% by, > i < o]. Hence,

r _ oPr
o] =s;". O

Using Proposition 4 we can implement ReifiedCard easily
using internal variables of the sequential counters encoding.

Example 7. Consider the running example and the first core
[(bo,5), (b1,5), (ba, 5), (bs, 1)]. Table 1V shows all auxiliary
variables in the sequential counters encoding for by + by +
ba 4 b3 < 3. We show how they correspond to the reification
variables for pg = 2 and p; = 3. O

Abstract CG. Finally, we discuss another weight-aware
transformation procedure, AbstCG [6], and contrast it with
CusCus. To the best of our knowledge, AbstCG is the
only existing core-guided transformation that relaxes a core
without flattening all weights to the minimum. It abstracts
each group of equal-weight literals into a counter whose
output feeds the next group, processing groups from the largest
coefficient down. In particular, AbstCG first partitions core
into m disjoint sets core = G; V ---V G,, so that all
variables in the same set GG; have the same coefficient. Starting
from G, which corresponds to the largest coefficient in the
core, AbstCG introduces a set of constraints for each Gj.
ab; = (ini, {Spcin, >3 6 0l 1< < lin] }, out;
The inputs in; = G; U out;—; consist of the variables in
G, and the outputs of ab,_1, and the objective is updated
by processing each abstraction set ab; = (in;, D;,out;) in
order, starting from ¢ = 1. The coefficient of each = € in; is
decreased by w; = min({w; | z; € in;}), and each output
x € out; is included in the objective with coefficient w;. After
processing each ab;, a constant w,, is added to the lower
bound. The key difference for CUSCUS is that we do not have
dependencies between the relaxation variables of different
groups, which allows us to incrementally introduce cardinality
constraints. In AbstCG the inputs of ab; include the outputs
out;_1, so the counter for group ¢ cannot be built before that
for group ¢« — 1. In CUSCUS each prefix constraint is over
by, ..., by, directly, with no reference to another prefix, so it
can be postponed until its reification variable appears in a core.
For instance, in Example 6, we only introduce two relaxation
variables, whereas AbstCG introduces four variables, as it has
to introduce three variables for the first group. We will see in
the experimental evaluation that the different encodings lead
to complementary performance.

VII. RESOLUTION-BASED CORE TRANSFORMATION

Next, we focus on a different core-guided algorithm,
MAXRES [18]. We consider its core transformation procedure



and show that it can easily incorporate clauses with different
weights without a cloning step and keeps a compact encoding
as in the original MAXRES formulation. We focus on a
theoretical contribution here to show that weight-aware core
relaxation is not specific to OLL but extends to resolution-
based core-guided solving. MAXRES is not a state-of-the-
art solver at present and has not been actively developed in
recent years, so a competitive implementation would require
substantial engineering orthogonal to our question; most recent
core-guided work, including every solver we compare against,
builds on OLL.

A. MAXRES original core transformation

MAXRES approach to solving MAXSAT that is based on
restricted MAXSAT resolution [22]:

(x VvV A jwy) (T, wa)
(A wa), (VA wy —we), (TV A, ws)

9

We call (A, wsy) the resolvant and {(z V A,wy — ws), (T V
A, wy)} the compensation clauses. In [18], it was assumed
that wy = w9 as cloning was performed before a resolution
step, so the clause (z V A, w; — ws) vanishes.

Consider how MAXRES works. Given a core
[(bo,wo), -, (br,wg)], ~we first  perform  cloning:
[(bo,w), ..., (b, w)], w = wy where wy, is the minimum

weight. Given the core, we know that the hard clause
(bo V - -V by) is implied by the formula. Hence, we resolve
this hard clause with the unit soft clauses in the core
(bo,w), ..., (by,w), deriving the empty clause ([J,w) using
k + 1 applications of restricted MAXRES. The first step is to
resolve (by V-V by, 00) and (bg, w).

(boV---Vb,00) (b, w)
(b1 V.. Vb, w) (b V .. V b, 00) (bo V by V .. V by, w)

(10)

We must remove (b, w) and keep the resolvant and the
compensation clause. In the second step we perform the
resolution with the second clause in a core (by,w) with
(by V --- V by, w), obtain two clauses (by V --- V by, w)
and (by V by V ---V by, w) and remove both premises. Each
subsequent step is similar. Finally, when ¢ = k we resolve
(bg, w) and (by,w) to obtain (O, w). The clauses remaining
after £k + 1 MAXRES steps are performed:

(O,w)  (bo V.. Vbg,o0)(b; Vbit1 V..Vb,w), (11)
where 0 < ¢ < k. The compensation clauses are not in
clausal form, so new variables d; with d; <> (b; V --- V by)
are introduced to encode them. With d; we can convert
compensation clauses as follows (assume dy = 1): d; <
(b; Vdiy1), 1 <i <k, (b; Vdiz1,w), 0 <i < k. Note that
the empty clause is removed from the formula to increase the
lower bound by w. Correctness of this transformation follows
from correctness of the MAXSAT resolution rule.

B. MAXRES new core transformation

We show that the MAXRES approach can be easily modified
to incorporate weights. It requires several minor modifications.
The first modification is that soft clauses can have differ-
ent weight. Hence, each application of the resolution rule
(Equation 9) produces two compensation clauses. The second
modification we must resolve in the order of the decreasing
weights; otherwise, we get clauses with negative weight.

We are given a core [(by,wp),.. ., (bx,ws)] and we as-
sume that it is sorted by weights, so w; > w;y1,t1 €
[0,k). The first step is to resolve (by V --- V by, 00) and
(bo,wo) as in Equation 10. In the second step we re-
solve (by V --+ V bg,wp) and (by,w:), obtain the resolvant
(bg V -+ V bg,wy) and two compensation clauses (b V
o Vb, wo — wy), (by V by V- -+ V by, wy ). Bach subsequent
step is similar. Finally, when ¢ = k we resolve (b, wy)
and (bg,wy) to obtain (OJ,wy). The clauses remaining af-
ter all MAXRES steps are (O, wy), (bg V ... V bg,00)
and compensation clauses: (b; V bi11 V...V by, w;),i €
[O, ]{7), (bl V...Vbyg,wi_1 — Wi),i € [O, k)

In bold, we highlight additional compensation clauses com-
pared to Equations 11. Again, new variables d; with d; <
(b; V- - -Vby) are introduced. With d; we can then convert each
compensation clause as follows (we assume dj = 1): (b7 V
di+17wi), S [O,k), d; < (bl V di+1), (di7Wi,1 —Wi), i €
[1, k). As above, the empty clause is removed from the formula
to increase the lower bound by wy. Note that if w; = w;_1
for some i, then we do not need to introduce soft clause
(di,wi_l — wz) s (dL,O)

VIII. RELATED WORK

There are a number of core-guided MAXSAT solvers for
the weighted MAXSAT problem [5]-[9], [17], [18], [23]-[25].
In [24], the authors observed that stronger bounds can be
derived if one keeps track of clause weights in a core as a
set of pseudo-Boolean constraints. The main difference in our
work compared to clone-based techniques for core relaxation
is that we perform a different transformation that takes into
account weights structure. In [17], the authors also observed
that clone-based relaxation loses information about weights
and proposed using linear programming to derive a set of
new soft constraints and a stronger bound. We do not use
any additional procedure to obtain stronger bounds; however,
we do not guarantee that we find the optimal lower bound.
In [6], an alternative procedure was proposed that uses a
different encoding. As we discuss in Section VI, CusCus
allows relaxation variables to be introduced incrementally.

IX. EXPERIMENTAL EVALUATION

Implementation. We implemented CUSCUS on top of the
OLL-based MaxSAT solver RC2 [26], which won the exact
weighted track of the MaxSAT Evaluation in 2018-2019
[27]. By default, RC2 uses an incremental totalizer encod-
ing ITotalizer from the PySAT Python library [28]-[30]
to encode cardinality constraints. We extended PySAT with
an incremental sequential counters encoding ISegCounter



family # \ cgss2 cgss2-dyn clone cuscus h4 s4 s2c4
Slv. Time |Slv. Time |Slv. Time |Slv. Time |Slv. Time |Slv. Time |Slv. Time

abstraction 11] 11 209.5| 11 184.1| 6 524.2| 6 618.3| 6 592.2| 6 584.1| 6 561.1
af-synthesis 15| 14  1323.8| 14 1431.4| 13 1864.0| 6 2071.6| 13 1581.9| 12 1500.7| 11 1642.6
auctions 15| 14 4.4| 15 45.8| 14 2.1| 14 2.5] 15 164.2 | 14 2.0| 14 2.0
BTBNSL 15 0 0 0 0 0 1 412.9| 1 1847.9
causal 15| 11 851.5| 9 298.6| 12 134.9| 13 421.2| 12 109.9| 12 146.2| 14 253.1
correlation 15 3 150.7| 3 181.6| 7 436.0| 6 863.5| 7 779.0| 7 402.6 | 7 244.7
CSG 10| 10 467.71 9 64.8| 10 19.4| 10 51.5| 10 21.1| 10 17.9| 10 19.3
css 11| 11 36.0| 11 34.5| 11 7.1 11 8.2| 11 74| 11 74| 11 7.2
dalculus 15| 15 0.7] 15 0.6| 15 0.4| 15 0.4| 15 0.4| 15 0.4| 15 0.4
decision 15 0 0 0 0 0 0 0

drmx 15| 15 110.0| 15 116.3| 15 323.1| 14 90.6 | 14 99.6 | 15 336.7| 14 92.3
frb 15| 13 137.7| 13 361.3| 15 83.6| 15 76.1| 15 74.6| 15 88.5| 15 76.6
haplotyping 15| 15 23.1| 15 4.2| 15 22.3| 15 23.7| 15 21.5| 15 26.3| 15 22.9
IMLIB 16| 16 0.0| 16 0.0| 16 0.3| 16 0.3| 16 0.3| 16 0.3| 16 0.3
judgment 15| 0 0 0 0 0 0 0

lisbon 15| 3 563.4| 3 872.2| 6 553.7| 6 458.1| 6 461.9| 6 599.5| 6 502.6
max 15| 12 67.5| 12 236.9| 12 89.1| 12 116.6 | 12 133.3| 12 125.4 | 12 116.1
MaxSATQueries 15| 13 122.4| 12 0.2] 13 52.3| 13 40.8| 13 40.3| 13 48.1| 14 250.1
metro 15| 15 127.1] 15 112.4| 15 140.0| 15 114.5| 15 115.7| 15 139.3| 15 113.8
MinimumWeight 10| 0 0 0 0 0 0 0

mpe 15| 10 355.6 | 11 125.2| 12 17.2| 11 278.0| 12 17.6 | 13 138.8| 14 297.2
mpmcs 15| 15 0.1| 15 0.0| 15 2.1| 15 2.1| 15 2.1| 15 2.1| 15 2.1
ParametricRBAC 15| 2 315.8| 2 541.1| 1 686.8| 1 490.7| 1 694.9| 1 890.6| 1 1558.3
planning-bnn 6| 6 27.3| 6 29.0| 6 61.3| 6 59.1| 6 60.8| 6 62.1| 6 60.5
planning 15| 15 0.2| 15 1.1| 15 0.3| 15 0.3| 15 0.3| 15 0.3| 15 0.3
preference 12| 12 10.5| 12 13.0| 12 8.6 12 8.0 12 77|12 7.3| 12 8.6
protein_ins 12| 12 16.7| 12 16.8| 12 76.5| 12 75.2| 12 76.3| 12 81.2 12 76.4
pseudoBoolean 15| 14 0.0| 14 0.0| 14 0.2| 14 0.2| 14 0.2| 14 0.2| 14 0.2
qcp 15| 15 0.0| 15 0.0| 15 0.3| 15 0.3| 15 0.3]| 15 0.3| 15 0.3
quantum 15| 13 299.9| 13 290.9| 12 246.3| 13 135.1| 13 127.8| 13 151.1| 13 131.3
railway 5 1 188.4| 1 275.3| 1 223.1| 1 162.3| 1 119.1| 1 211.9| 1 212.1
ramsey 4 0 1 2938.5| O 0 0 0 1 1100.9
relational 8 5 130.7| 5 55.3| 5 606.3| 5 353.3| 5 393.6| 5 415.0 5 351.1
rna 15| 15 1.0| 15 1.0| 15 3.8| 15 3.8| 15 3.7 15 3.8| 15 3.7
setcover 6| 0 0 0 0 0 0 0

spot5 15| 12 22.0| 11 0.2 12 136.2| 12 161.0| 12 113.0| 12 137.9| 11 0.4
switching 9] 0 0 0 0 1 3184.7| 0 0

synplicate 40| 16 47.6| 16 107.9| 15 106.7| 15 150.9| 15 37.7] 15 70.2| 15 44.4
tcp 15| 14 234.0| 13 92.0| 14 89.7| 14 122.0| 14 77.7| 14 146.0| 14 146.0
timetabling 13| 8 136.5| 8 491.4| 7 73.8| 8 79.5| 8 502.4| 8 481.6| 7 68.5
upgradeability 15| 15 09| 15 0.5| 15 2.0| 15 2.3| 15 1.9| 15 2.0| 15 2.0
warehouses 8| 4 10.8| 5 166.5| 8 79| 6 4.1 8 7.2 8 21.9| 8 43.6
overall 571|395 153.1(393 149.1 401 148.8 |392 132.4 404 147.4 1404 145.2 405 140.3

TABLE V: Number of solved instances and average runtime in seconds on solved instances by considered solver configurations.

which provides access to its internal variables s? so it may
serve as an implementation of ReifiedCard, and then we
modified RC2 to use this encoding. We refer to this RC2
configuration with sequential counter and cloning as clone.
We then implemented CUSCUS on top of ISegCounter
using the method described in Sec. VI and refer to this
configuration as cuscus.!

We observed that CUSCUS has the most to gain when the
core contains long “stairs”, i.e., subsequences of soft clauses
in a core with the same weight, which can be grouped together
rather than individually cloned. On the other hand, when all
weights in the core are distinct, CUSCUS cannot effectively
take advantage of grouping and also produces typically lower-
weight clauses due to using the marginal weight instead
of the difference with the minimum weight. Therefore, we
developed hybrid configurations that heuristically decide the
transformation method to perform on any given core. We
consider the following three dynamic heuristics:

« Homogeneity: The homogeneity heuristic computes the

homogeneity of a core. This is defined as the ratio

ICode is available at https:/github.com/jesselooney/cuscus.
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Fig. 2: Cactus plot of all configs. in Table V.

#constraints/#weights of the size of the core to num-
ber of distinct weights in the core. It can be thought of as
the mean length of the “stairs” in the core. By hX, we
denote a solver that applies the CUSCUS transformation
only on cores of homogeneity at least X, and otherwise


https://github.com/jesselooney/cuscus
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Fig. 6: Runtime of s2c4 vs. cgss2-dyn.

applies cloning.

o Stair size: Another heuristic decides whether to apply
CuUsCuUs to individual stairs, rather than the whole core.
To perform a partial CUSCUS transformation, we first
clone until only the desired weights are present in the
core, then apply CUSCUS. By sX, we denote a solver
that applies CUSCUS only to stairs of length at least X.
That is, we select weights that occur at least X times in
the core and clone until only these weights (along with the
minimum weight) remain before applying CusSCuUs. For
example, a core with weights [5,5,5, 4,4, 1] is first trans-
formed into [5, 5,5, 1,1, 1] (with two clones of weight 3)
under the s3 heuristic, before CUSCUS is applied to the
two prefixes of this new core.

o Core size: We can improve the stair size heuristic by tak-
ing into account core size as well. By s X cY’, we denote
a solver that applies the s X heuristic/transformation only
on cores of size at least Y, and otherwise applies cloning.

Experimental setup. We ran our solvers on benchmarks from
the exact weighted track of MaxSAT Evaluation 2024. These
experiments were run on a computing cluster consisting of
Dell PowerEdge R6525 rack servers with 2.6-GHz AMD
CPUs. Each job was given a single physical core, a one-hour
CPU time limit, and 8GB memory. For each of the RC2-based
solvers (clone, cuscus, hX, sX, sXcY), we used the
same configuration of parameters available from the under-
lying implementation. We enabled intrinsic at-most-one con-
straint processing (—a), core minimization (-m), core exhaus-
tion (-x), and diversity-based stratification (——-blo=div),
and we used Glucose 4 (-s g4) as the SAT oracle. We
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Fig. 4: Runtime of s2c4 vs. clone.
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Fig. 7: Runtime of clone vs. clone-itot.
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Fig. 8: Runtime of s2c4 vs. clone-itot.

compare our approach with the original RC2 implementation,
denoted by clone—-itot, as well as AbstCG [6], [20], which
is implemented in cgss2. We consider both the static version
(cgss2 described in Section VI) and the dynamic version
(cgss2-dyn) of cgss2 where the solver dynamically de-
cides whether to apply the original clone-based transformation
or AbstCG, depending on the size of the encoding.

Choice of baselines. We consider clone our main baseline,
as it differs from cuscus only in the core transformation. Our
main goal is to measure the effect of the transformation, so
we keep the surrounding machinery fixed: core minimization,
upper-bound search, and MILP preprocessing all have to be
co-tuned to obtain a state-of-the-art solver. We also compared
with additional baselines including cgss2, UWrMaxSat, and
RC2, which are top-performing core-guided solvers.

Stratification/Hardening heuristics. Some care was required to
make CUSCUS work with stratification and stratification-based
constraint hardening; RC2 dynamically computes stratification
levels using information about the number and weights of
constraints with smaller weight than the current level. This
information is also used at the end of each stratification level
to harden clauses whose weights exceed the sum of weights
among clauses in lower levels. When using CUSCUS, because
the prefix constraints can have weights smaller than the
minimum weight in the core (and indeed in the stratification
level), it is possible that some of the deferred constraints will
belong to lower stratification levels. Hence, it is necessary to
track the numbers of these constraints for each weight in order
to inform stratification and hardening correctly.

Experimental results. Table V shows the number of solved



instances and the average runtime on solved instances for
tested solvers. For each benchmark family, we highlight the
best average time among those that solved the greatest number
of problems. We first compare clone and cuscus. We
observe that cuscus solves more instances on 3 families and
loses instances on 5 families. In particular, it loses 7 instances
on one family af-synthesis. As shown in the scatter plot
in Figure 3, the two core transformation procedures are highly
complementary and there are a significant number of instances
where cuscus is faster. However, cuscus can struggle on
instances with many cores of mostly distinct weights. For
example, in a core where each weight is distinct, CUSCUS will
result in the same number of added clauses as simply cloning,
but their weights will generally be larger, being the difference
to the next weight rather than all the way to the minimum. This
result motivated the development of hybrid configurations that
try to be more selective with the application of CUSCUS, a
choice that cloning does not offer, since trimming every core
to its minimum weight treats all cores alike.

Table VI reports results for all instantiations of the heuristics
we proposed under different parameter settings. For each
parameter choice, we select the best-performing configuration
by the number of solved instances and report these results in
Table V. Based on the analysis in Table VI, we also conclude
that s2c4 is the best configuration, as it performed best among
the heuristics we considered in terms of the number of solved
instances over the whole track, with ties broken by average
runtime. In particular, s2c4 performs especially well against
clone: on more than half of the families, it either solves
more instances or the same number of instances in less time.

Figure 2 shows the cactus plot of the configurations consid-
ered in Table V. Among the individual solvers, s2c4 shows the
best performance in terms of the number of solved instances
and performance across benchmark instances. We note that the
virtual best solver (VBS) solves significantly more instances
than the baseline. This shows that there is complementarity
between the CUSCUS-based approach, clone, and cgss2.
To further investigate the contribution of CUSCUS to VBS, we
perform additional analysis. The VBS of cgss2 and clone
solves 414 instances and the VBS of all CUsCus-based
configurations solves 415, while their combination solves 425.
The CusCus-based configurations therefore add 11 instances
that neither baseline solves.

Next, we perform pair-wise comparison between solvers.
We start by comparing cuscus and s2c4 with clone
(Figure 3 and Figure 4). One can see that s2c4 performs
much better than cuscus and outperforms clone on many
instances. Next, we compare cuscus and s2c4 with cgss?2
and cgss2-dyn, respectively. As can be seen from Figure 5
and Figure 6, the results show surprising complementary per-
formance. This is interesting, as both algorithms are weight-
aware, but they use different transformation procedures. Fi-
nally, we compare against the original RC2 implementation,
denoted by clone—-itot, which performs cloning but uses
ITotalizer instead of ISegCounter for cardinality con-
straints. Note that clone-itot differs from our configura-

tions in two respects: the transformation and the cardinality
encoding. Therefore, it is difficult to determine whether the
improvements come from the more succinct totalizer encoding
or from the transformation itself. This configuration solved
406 instances overall. Figures 7 and 8 compare the perfor-
mance of clone-itot with clone and s2c4, respectively.
Despite using a sequential counter encoding of cardinality con-
straints, s2c4 performed competitively against clone-itot
and contributed 6 unique solutions. We have also attempted
a comparison with UWrMaxSAT [31], a top performer in
MaxSAT Evaluation 2024. The competition configuration of
UWrMaxSAT first runs a MILP solver. We turned off this
feature for fair comparison. After doing so, we found that
UWrMaxSAT terminated on 427 instances, but its answers
were inconsistent with the known results on 24 of them.
Correctness. Finally, we validated every configuration against
the known results of the MaxSAT Evaluation 2024 and
further ensured that each passes the MaxSAT Regression
Suite? [32]. We also ran MaxSAT-Fuzzer with the Paxian,
PaxianPyTiny, PaxianPyGMBO, Pollitt, Manthey
and Soos fuzzers on every final configuration, with answers
checked against the known-robust solver EvalMaxSAT? [33].
We found no runtime errors or incorrect answers in any solver
tested over the course of a 12-hour fuzzing session.

X. DISCUSSION AND FUTURE WORK

We proposed a novel core transformation procedure that
performs a weight-aware transformation of the core and allows
the lower bound on the optimal cost to be increased by more
than the minimum weight. We proved its correctness and
several useful properties of this transformation. We also proved
that it can be implemented on top of the sequential counters en-
coding by reusing auxiliary variables of the encoding to form
soft constraints, and we provided a prototype implementation.
We showed that this procedure can be combined with clone-
based approaches, leading to an improvement of the baseline
solver, which was OLL with incremental sequential counters.
However, there are a number of open questions to explore.

The first question is whether we can modify the totalizer
encoding so that we can perform the CUSCUS procedure incre-
mentally, similar to what we showed for sequential counters.
It is not as natural as in the case of sequential counters,
as totalizer encoding works with trees built on top of the
relaxation variables in the core, rather than subsequences as
sequential counters use. The second interesting question is to
identify whether we can improve further by discovering addi-
tional properties of CUSCUS that could derive more implied
constraints and identify additional cores that can be relaxed
without calling the SAT solver. Finally, hybridization is also
an interesting problem for further investigation, particularly in
terms of how weights can be taken into account during the
transformation procedure.

Zhttps://github.com/tobipaxe/MaxS ATRegressionSuite
3https://github.com/FlorentAvellaneda/EvalMaxS AT
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family h2 h4 h15 s2 s4 s15 slc4 s2c4 sdc4

abstraction 84.3 38.7 0.0 2.2 0.6 0.4 85.3 2.2 0.6
af-synthesis 80.5 22.9 0.0 73.2 19.0 0.0 96.3 73.2 19.0
auctions 4.3 1.0 0.0 10.2 0.3 0.0 28.2 9.6 0.3
BTBNSL 1.7 14.2 10.8 15.3 10.8
causal 0.2 0.0 0.0 2.2 0.0 0.0 47.9 2.2 0.8
correlation 6.8 1.3 0.0 14.6 7.0 0.1 49.4 14.5 7.0
CSG 0.0 0.0 0.0 1.9 0.0 0.0 45.8 1.8 0.0
css 4.6 0.2 0.0 9.8 0.8 0.2 26.1 6.9 0.8
dalculus

drmx

frb

haplotyping

IMLIB 78.0 71.4 56.5 53.0 18.5 0.0 79.8 47.6 18.5
lisbon 100.0 54.9 0.0 48.3 0.0 0.0 100.0 48.3 0.0
max-realizability 50.0 0.0 0.0 100.0 0.0 0.0 50.0 0.0 0.0
MaxSATQueries 78.1 71.9 2.5 49.1 43.9 0.0 87.5 53.3 43.9
metro 75.6 31.3 0.5 66.7 29.7 5.4 88.9 64.6 29.7
mpe 0.0 0.0 0.0 9.7 0.5 0.1 59.1 10.6 0.5
mpmcs 0.0 0.0 0.0 0.0 0.0 0.0 100.0 0.0 0.0
ParametricRBAC 72.5 22.2 10.8 34.0 6.7 0.0 75.0 34.0 6.7
planning-bnn 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
planning 16.2 5.2 0.0 27.6 9.2 0.0 38.7 27.6 9.2
preference_planning 23.6 0.5 0.0 27.6 5.6 0.0 48.1 24.5 5.6
protein_ins

pseudoBoolean

qcp 100.0 100.0 66.7  100.0 100.0 80.0 100.0 100.0 100.0
quantum 100.0 99.1 87.1 99.1 97.4 85.8  100.0 99.1 97.4
railway 6.3 0.0 0.0 14.0 1.8 0.0 17.9 7.1 1.8
ramsey 21.7 73.8 23.2

relational 28.7 16.0 1.8 37.4 30.5 14.8 38.7 35.5 30.5
rna 83.3 33.3 0.0 50.0 0.0 0.0 83.3 50.0 0.0
spot5 23.7 2.1 0.0 9.7 2.1 0.0 23.7 7.9 2.1
switchingactivity 100.0 50.0

synplicate 54.6 10.3 0.9 18.9 4.0 0.0 60.5 18.5 4.0
tcp 86.6 52.0 22.8 84.9 61.5 25.3 86.6 80.1 61.5
timetabling 96.0 68.1 29.4 30.8 29.7 4.6 96.0 30.8 29.7
upgradeability 1.5 0.0 0.0 10.7 0.0 0.0 29.1 8.2 0.0
warehouses 3.7 0.7 0.0 10.2 4.3 0.0 44.9 10.2 4.3
overall 44.8 28.5 14.5 36.8 22.2 11.8 67.6 35.4 22.2

TABLE VII: Mean frequency of CUSCUS usage by solver. Empty cells indicate that either none of the benchmarks were solved
or none of the solved benchmarks had any cores suitable for applying CUSCUS. Families with no solved instances are omitted
to save space.

APPENDIX

Additional evaluation results.

We calculated the frequency* of cuscus application by the
hybrid configurations in Table VII. Table VII provides a per-
family breakdown for various hybrid configurations. For h4,
the CUsSCUS transformation was used 28.5% of the time, s4
was used 22.2%, and for s2c4 it was used 35.4%.

4This is computed over all cores that are not unit and do not have identical
weights. The transformation algorithm is the same as in unweighted case for
such cores.



	Introduction
	Background
	Motivation
	The clone-based core transformation (OLL)
	The CusCus core transformation
	Theoretical properties of CusCus

	Encodings of reified cardinality constraints
	Resolution-based core transformation
	MaxRes original core transformation
	MaxRes new core transformation

	Related work
	Experimental Evaluation
	Discussion and Future Work
	References
	Appendix

